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Abstract 

We develop two topics in parallel and show their inter-relation. The first centers on the 
notion of a fractional-differentiable structure on a commutative or a non-commutative space. 
We call this study quantum harmonic analysis. The second concerns homotopy invariants for 
these spaces and is an aspect of non-commutative geometry. 

We study an algebra 21, which will be a Banach algebra with unit, represented as an algebra 
of operators on a Hilbert space 7i. In order to obtain a geometric interpretation of 21, we define 
a derivative on elements of 21. We do this in a Hilbert space context, taking da as a commutator 
da = [Q, a]. Here Q is a basic self-adjoint operator with discrete spectrum, increasing sufficiently 
rapidly that exp(— /JQ^) has a trace whenever /3 > 0. 

We can define fractional differentiability of order /i, with < < 1, by the boundedness 
of (Q2 + I)M/2a(Q2 ^ j)-m/2_ Alternatively we can require the boundedness of an appropriate 
smoothing (Bessel potential) of da. We find that it is convenient to assume the boundedness 
of + I)~^/'^da{Q'^ + 1)"°/^, where we choose a,/3 > such that a + /3 < 1. We show that 
this also ensures a fractional derivative of order /i = 1 — /3 in the first sense. We define a family 
of interpolation spaces ^/j^q.. Each such space is a Banach algebra of operator, whose elements 
have a fractional derivative of order /i = 1 — /3 > 0. 

We concentrate on subalgebras 21 of 5/3, a which have certain additional covariance properties 
under a group Z2 x acting on by a unitary representation ^xU{g). In addition, the derivative 
Q is assumed to be (J5-invariant. The geometric interpretation fiows from the assumption that 
elements of 21 possess an arbitrarily small fractional derivative. We study homotopy invariants 
of 21 in terms of equivariant, entire cyclic cohomology. In fact, the existence of a fractional 
derivative on 21 allows the construction of the cochain r'^'"'-', which plays the role of the integral 
of differential forms. We give a simple expression for a homotopy invariant 3^ {a; g), determined 
by pairing t'^^^ , with a (£»-invariant element a G 2t, such that a is a square root of the identity. 
This invariant is '5^{a;g) = e'^'TV {-fU{g)ae-Q^+'^'^''^ dt. 



*Supported in part by the Department of Energy under Grant DE-FG02-94ER-25228 and by the National Science 
Foundation under Grant DMS-94-24344. 
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This representation of the pairing is reminiscent of the heat-kernel representation for an 
index. In fact this quantity is an invariant, in the following sense. We isolate a simple condition 
on a family Q{\) of differentiations that yields a continuously-differentiable family r''^'^(A) of 
cochains. Since 3^(0; g) need not be an integer, continuity of r"'^*-'(A) in A is insufficient to prove 
the constancy of the pairing. However the existence of the derivative leads to the existence of 
the homotopy. As (r, a) vanishes for r a coboundary, and as dr'^^'^ (X) / dX is a coboundary, our 
condition on Q(A) ensures that "^^^^^a; g) is independent of A. Hence it is a homotopy invariant. 

The theory of "^^{a; g) reduces to the study of the Radon transform of sequences of certain 
functions. The fractional differentiability properties of elements of 21 translate into properties 
of the asymptotics of the sequences of Radon transforms. The condition that r^'"^ fit into the 
framework of entire cyclic cohomology translates to the existence of some fractional derivative 
for functions in the algebra under study, and in particular the assumption a + (3 < 1. Thus the 
study of fractionally-differentiable structures dove-tails naturally with the theory of homotopy 
invariants. 

In our study of quantum harmonic analysis, we introduce spaces T(— /3, a) of operator-valued 
distributions. These spaces are bounded, linear operators between Sobolev spaces. The elements 
of the interpolation spaces, the Banach algebras 5/3,a; have derivatives da which belong to the 
spaces T{—/3, a). For a certain range of P and a, we extend the theory of the Radon transform 
from products of regularized, bounded operators to products of regularized, operator-valued 
distributions. 

We sometimes wish to evaluate such an invariant at the endpoint of an interval such as 
A G (0,1], where 3^^^\a;g) becomes singular as A — 0. We discuss in brief a procedure to 
regularize the endpoint, and a method to recover 3*^^^^ (a; 9) fully from certain partial information 
at the endpoint. 

Finally, we generalize this approach to cover the case when Q can be split into the sum of 
"independent" parts Qi + Q2, such that {Qi + Q'lf' = (Qi)^ -|- (<52)^- Here we assume that Qi 
and ((52)^ are ©-invariant, but not necessarily Q2. With further assumptions on a, the most 
important being that (Qi)^ — (^2)^ commutes with a, we obtain a modified formula for an 
invariant, namely 3^^^Ha;g) = -^/^^e-*'Tr (7;7(5)oe-('3?+«i)/2+iWiaj ^^ 
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I Introduction 



We study algebras 21 of bounded linear transformation on a Hilbert space Ti.. Each algebra describes 
the geometry of a space, and we study homotopy invariants of this space. All this fits into Alain 
Connes' formulation of non- commutative geometry Q], as well as extensions of that theory studied 
by others. We emphasize here the analytic aspects of this theory, and in doing so we develop the 
relation between the details of the analysis and the existence of invariants. 

The algebra 21 will be a Banach algebra with a unit /, and with a norm ||| ■ ||| that dominates 
the operator norm || ■ || on B{T-C), the algebra of all bounded linear transformations on Ti. Thus for 
a G 21, 

W^W < |||fl||| , (i-i) 

and the injection 2t — BiH) is continuous. 

In order to describe 21 and the norm ||| ■ |||, we need to define a derivative on 21. We do this in 
terms of a given, self-adjoint, linear transformation Q = Q* on Ti. with domain T>. Assume that 
the spectrum of Q is discrete, and that the eigenvalues increase sufficiently rapidly that exp(— sQ^) 
has a trace for every s > 0. Connes calls the condition Q-summahility 0]. The derivative da of an 
element of 21 is defined by a commutator 



da = [Q, a] = Qa — aQ . (1.2) 

In general da is not an element of B{T-C), but it is always given by a (possibly unbounded) sesquilinear 
form on 7i X 7i with domain T> x T>. 

We define Sobolev spaces in §V as the domain of fractional powers of Q. They are realized as a 
Gelfand family of Hilbert spaces, see |]lT|. Define R = (Q^ + /)~^/^ to be a smoothing operator of 



degree —1. The space is the domain of the operator R ^ oi degree /x. One definition of order-//, 
bounded-differentiability of a G B{T-l) is that 



R-^'aR^ e Bin) . (1.3) 

In other words, (1.3) is the assertion that a is a bounded, linear transformation on Ti^. 

Alternatively, because of the fundamental nature of the differential da, we wish to pose differ- 
entiability properties of a in terms of properties of da. The differentiable case for a becomes the 
assumption that da is a densely defined, bounded sesquilinear form on Ti, so da uniquely determines 
a bounded, linear transformation in B(H). For short, da G B(H). Equivalently, a is a bounded, 
linear transformation on Tii. This assumption that da G B{T-C) is made in all earlier work. This 
ranges from the differentiable case studied in H], to the smooth case in [O, where one assumes 



that for all n, (i"2t G B(T-i). (I am thankful to A. Connes for informing me that he and Moscovici 
have also considered certain algebras of pseudo-differential operartors in [^.) 



6 



Arthur Jaffe 



Here we do not assume that da is necessarily an element of B{7i). Rather, we require that da 
defines a bounded, linear transformation between certain Sobolev spaces Hp. In §V we formulate 
the assumption that da belongs to an interpolation space of fractionally-differentiable operators. 
Namely we assume that da is a bounded map 

da-.Ha^ H-p (1.4) 

where < a, (3 and 

a + P<l. (1.5) 

We also write (1.4) as da G T{—P,a), where T{—P,a) denotes the space of bounded, linear maps 
from Ha to H-p. The condition (1.5) is crucial to the resulting analysis. We show that (1.4-5) 
ensures that each a we consider has a fractional derivative of order n = 1 — j3 > 0. Such an element 
da is an operator- valued, generalized function. The differentiable case is (3 — 0. 

In §V we define Banach algebras ^/j^^ of elements in B{H) which have the property (1.4) with 
< a,P and (1.5). We call the Zi3,a interpolation spaces and assume that 

21 C Zp,a , 

including the requirement that 

||a|| < ||a||3^_^ < |||a||| . 

We show in §V.5 that if a, 6 e 5/3,a) then both {da)b and a"'{dh) are bounded maps from Ha — H-13. 
We also show that the graded Leibniz rule 

d{ab) = {da)b + a^db) (1.6) 

extends from the differentiable case, to the case of interpolation spaces Zs.a- (Here a''' = a if also 
a e 21, where (1.6) reduces to the ordinary Leibniz rule.) These considerations lead us to the notion 
of a fractionally-differentiable structure {H, Q, 7, U (g), 21} on 21, see §VI. 

In addition to the differential acting from 21 to T{—P,a), we also assume that two groups 
act as automorphism groups of 21. Each group will act on as a strongly-continuous, unitary 
representation. We assume that this conjugation by this unitary defines a *-automorphism of 21. 
The first group is Z2, which will be represented by a self-adjoint, unitary operator ^ — ^* — 7"^ in 
E{H). The action on 21 is given by, 

a ^ a^ — 707""^ = 707 , (1.7) 
and we assume that 21 is pointwise invariant: a = a^ for all a e 21. Furthermore we assume that 

7Q7 = Q^ = -Q, (1.8) 

so 



{day = -d{a^) 



(1.9) 
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This structure is familiar from ordinary geometry.^ 

The second group (S is represented by the continuous unitary representation g ^ U{g) onH 
and by the automorphism 

a^a^ = U{g)aU{gy (I.IO) 

of 21. We define 2t C 21 as the subalgebra of 21 which is pointwise invariant under the 0, namely 
the subalgebra of 21 which commutes with the representation U{g), 

a^ = a for a G 2t® . (I.ll) 



The group U (g) is also assumed to commute with 7 and with Q. 

^^ = U{ghU{gr = ^, Q^ = U{g)QU{gr = Q. (1.12) 

The group (5 may equal the identity. However, if (25 is not trivial, then it gives rise to an equivariant 
theory. 

Before embarking on the analysis of interpolation spaces, we consider the theory of continuous, 
multi-linear functionalsi on 21. Once 2t has a topology given by the norm ||| ■ ||| , we can define spaces 
of continuous, multilinear functionals on 21. These are the spaces of cochains, introduced in §11. In 
particular we focus on the space of entire chains 

C = ©^=oCn (1.13) 

where an element /„ G C„ is an {n + l)-linear functional on 21 which is also a functional on (3. We 
use a complex of cochains for which fn{(io, ■ ■ ■ ,CLn', g) = whenever any aj = I for j = 1,2, ... ,n 
(but not j = 0). 

The entire condition on the functionals in C pertains to uniform asymptotics on the norm of 
as n — >• 00. The sequence / = {/„} must satisfy 

n'/'lll/n|ir/"-0. (1.14) 

^In the case that TC is the L^-Hilbert space of differential forms on a smooth, compact manifold A4, the Z2-grading 
7 may be taken to equal (—1)" on the subspace of forms of degree n. One can take the elements of 21 to be smooth 
forms of degree zero (functions on M). In that case, with dext the exterior derivative, a possible example of Q is 
Q = + dcxt, see §V.l. 

^Such functionals often arise in a purely mathematical setting: in analysis, in probability theory, or in geometry. 
Furthermore, such functionals arise in mathematical physics: in statistical physics, in quantum theory, in quantum 
field theory, and in string theory. Within each of these fields, it may be true that one can represent a particular 
functional as a well-defined integral over a function space. When this is the case, the functional integral representation 
provides a powerful tool in order to prove mathematical properties of the functional in question, as well as a tool to 
estimate the functional, or possibly to evaluate it in closed form. In particular, constructive quantum field theory 
provides many examples of this phenomenon. 
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This condition will appear in a natural way in the construction that follows; the entire condition will 
be just the asymptotics needed to establish convergence of various power series and the existence 
of generating functionals that we define on elements of C. This condition was introduced in [Q, 
in order to prove the existence of a "normalization" operator. Because we use a different complex 
of cochains, we do not require normalization, but the entire condition remains a natural analytic 
assumption, useful for other reasons. 

In §11 we give some continuous, linear operators on the spaces of cochains including the three 
fundamental coboundary operators b, B, and d = b+B. The operator b is the Hochschild coboundary 
operator, B is the Connes coboundary operator, and d = b + B is the coboundary operator of entire 
cyclic cohomology satisfying 

d:C^C , = 0. (1.15) 

In §111 we study a natural pairing (r, a) between cochains r G C and elements a G 2t®, which 
satisfy = /. More generally, we may take a? = I where a G Matm(2t'^). Here Matm(2l®) denotes 
the space of m x m matrices with matrix entries aij G 2t®. We show in §111 that the requirements 

{dG,a)=0 (1.16) 

for all G G C and for all a G 21® for which = I, determines the respresentation for a possible 
pairing. It is 

1 2 

{T,a) = — e-^ J{t;a;g)dt , (1.17) 

yTT J-oo 

where JT{t; a; g) is a generating functional for the components of r, defined as the alternating sum 

oo 

Jit; a;g) = Y^ {-t^)''ti r2„(a, a,...,a;g) , (1.18) 

n=0 

see Corollary III. 5. 

In §IV we introduce a particular cochain, the JLO-cochain 

The n^^ component r^^'^ of r'^'"'-' is an [n + l)-multilinear functional on 2t, 

r;J^°(ao, ...,an;g) = (ao, dai, da^, g) . (1.19) 

Here the expectation ( ) is defined in §IV and V in terms of the Radon transform of the heat-kernel 
regularized operator 

X^^^is) = aoe-'^^'daie-""^' ■ ■ ■ da^e-'"^' , (1.20) 

restricted to the sector sj > 0, for < j < n. In this sector, with each Sj > 0, we show that 
X"'^°(s) is trace class. In §V-VI, we show that the definition of r''^*-* extends to the algebras 
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21 C 5/3,a that we introduce here. The trace norm of may diverge on the 

hyperplane sq + si + • • • + = 1 as any sj — > 0. We will estimate the rate of divergence in terms 
of a + /3, using the bound on the norm ||da||7-(-^,a) of da in (1.4). 

We establish the existence and the properties of the Radon transform, r^^^ — 
Tr {'jU(g){J X'^^'^{s)ds)), where the integral is taken over the hyperplane So + '^i + ■ ■ ■ + s„ = 1. In 
this step, we use the assumption a + (3 < 1. Our estimates also allow us to justify the interchange 
of the integration and the trace in the expression defining t^^*^ , 

/ (Tr (7t/(<7)XJ^O(5))) ds = Tr [^^U{g) (^j XJLO(.)ds)) . 

Thus we simply write 

T„^L°(ao, ■■■,an;g)= f Tr (^U{e)aoe-'°'^"daie-'''^" ■ ■ ■ da^e"^"^') S{so+- ■ ■+Sr,-l)dsods, ■■■dsn 

J Sj !>0 

(1.21) 

In Proposition VI. 2 we prove that 

^l/2|^JLO|||l/n < Q ^^_(l-a-/3)/2^ ^ (j_22) 

which yields the required asymptotics (1-14). The behavior of (1.22) for large n is dependent on 
the analysis in §V-VI of the differentiability properties of elements of 21. The importance of the 
order-/!, fractional-differentiability of elements of 21 emerges once more. We require that the order 
of fractional derivative /x = 1 — (3 is greater than 0, which is part of the assumption (1.5). Our 
methods break down just at the point when elements of 21 have no fractional derivative, or more 
precisely when a + (3 — 1. 

Parenthetically, we remark that in §V we introduce sets {xo,xi, ■ ■ • of n, operator- valued 
generalized functions, which we call sets of vertices. In our study of quantum harmonic analysis, 
we define expectations of such sets of operators, as a multilinear functional. Suppose there are 
Q!j, (3j > 0, with Pn+i = Po, and such that for < j < n, 

Xj e T {-/3j, aj) with aj + Pj+i < 2 . (1.23) 

Then we call the set {xq,Xi, ■ ■ ■ ,Xn} a regular set of vertices. The conditions (1.23) require that 
every aj,Pj < 2; however certain configurations of aj,Pj may allow a particular vertex xj in a 
regular set to have aj + Pj close to 4. 

We define the heat kernel regularization X{s) of a regular set {xo,xi, ■ ■ ■ ,Xn} of vertices as a 
trace class operator. For parameters < Sj, let 



X{s) = (/ + g2)-/3o/2^^g-.oQ^^^e-.iQ^ . ..x^e-'nQ'{I + QY°^^ 



(1.24) 
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While this operator X{s) is trace class, the trace norm on 7i may diverge as Sj — 0. The operator 
X{s) has a trace class Radon transform on the hyperplane so + ■ — \- Sn — 1, and the operations of 
taking the Radon transform and the trace commute. We write 

» n 

{xo, xi, • • • , Xn, g)n^ Tr (7C/(^)xoe-^°^'xie-^i'5^ • • • x^e"^"^') 5(1 - Sj)dso ■■■dsn. (1.25) 

This functional extends by continuity from its definition on the space of boimded vertices Xj G i3(7i) 
to a multi-linear functional on the space of vertices Xj e T{—(3j, aj) in a regular set. Furthermore 
we bound this expectation (1.25) in Corollary V.4 by 

\{xo,x„...,x^-g)J < ^^ff^Tr (e-^V2) (^J] ||(_,^,.^, j , (1.26) 

where m(r^iocai) < oo is a constant. Here the exponents rj that characterize the behavior of the 
expectations are defined by 

1 

Vj = ^(2 - ttj - Pj+i) , Viocax = ^m<j<n{Vj} , and rjtot = YVj ■ 

^ j=o 

We say that rjiocai characterizes the local regularity of the expectations (1.25), while ?7giobai — 
Vtot/{i^ + 1) characterizes the global regularity of sets of such expectations as a function of n. 

In §VI we also return to the fact that the functional r'^^'-* is a cocycle in C, namely 

dT^^° = . (1.27) 

This was previously known in the differentiable case, for which a — (3 = 0. In §VI we also analyze 
the generating functional corresponding to r^'"*-', namely 

jJ^°(t; a; g) = Tr (7^/(^)06-^'+'*'^") . (1.28) 
Define the functional 3 (a; g) as the Gaussian transform of J'{t; a; g) evaluated at the origin, 

3(a;y) = ^/ e-' J{i-a-g)dt. (1.29) 

In the case that J{t\ a; g) = J''^^^{t; a; g), we indicate the dependence of 3 on Q. We have 

3^(a; g)^^r e-*'TV (^U{g)ae-'^'+'"''^) dt . (1.30) 

We prove in §V-VI that the functionals (1.28-30) exist for all a e 21, when 21 is contained in one of 
the allowed interpolation space 5/3,a- 
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Thus we have a representation for the pairing (1.17) in an extremely simple and elegant form. 
Let 21® denote the subset of 21 that is pointwise invariant under 0. For a G 21®, or more generally 
for a G Matm(2t®), and also a? = I, then (1.17) equals 

3^{a; g) = ^ r e^^^Tr (^U{g)ae~'^" dt . (1.31) 

In other words, 3*^(0.; (?) can be written as a trace of a heat kerneli For the case a = J, we have 
da = 0, and (1.31) reduces to the equivariant index 

3'^{I;g) = TT{^U{g)e~'^') . (1.32) 

The expression for '5'^{a; g) in (1.31) is fundamental, and it provides a generalization of the McKean- 
Singer heat-kernel representation of the index Tr (76"'^ ). In this context, the cochain r'^^° is the 
equivariant Chern character for the fractionally-differentiable structure on 21. 

In §VII we return to the question of the precise sense in which (1.31) provides a formula for 
an invariant. We study the variation of 'd'^^^^a^g) corresponding to a family of cochains r'^^°(A) 
depending on a parameter A. This family arises from a family of differentiations Q{X) of the form 

Q{\)=Q + q{\). (1.33) 

We assume that g(A) is a bounded map 

g(A) -.Hi^Ho, (1.34) 

with (an appropriate) norm less than 1. This condition (1.34) can also be described by saying that 
g(A) is a perturbation of Q in the sense of T. Kato, see [^. We also assume that there is a bounded 
map q{X), continuous in A, from Hi to Hq, such that in the space of bounded, linear maps from Hi 
to Hq, the difference quotient is norm convergent to the derivative, 

^M)-,(A))^0. ,1.35) 

These assumptions form the basis of our definition in §VII of a regular family Q{X). We also 
define a corresponding regular family of fractionally-differentiable structures (^(A), 7, [/((?), 21} 
on 21. Under these hypotheses we prove that 

A ^ rJL°(A) (1.36) 




■^In the language of physics, 3'^ {a; g) is cahed a partition function. Such an object often arises in statistical physics 
or in quantum theory. The Laplace operator which generates the heat kernel is , perturbed by itda. Note that if 
a — a* , then the perturbation is symmetric. In physics, the perturbation da is sometimes called a local source. We 
mentioned earlier that it might be the case that a functional Tr(7C/(.g) • e^*^ ) could be represented as a functional 
integral, given by a measure d^g. If this is the case, and if in addition both a and da can be realized as functions 
on path space, then the representation (1.31) further simplifies. The Gaussian integral can be carried out, giving 
3«(a,g)-/ae-(''-)V4d^,. 



12 



Arthur Jaffe 



is a continuously differentiable function from an interval A C M to C Here C carries the natural 
topology defined in §11. 

These simple conditions (on Q{X) and its derivative) allow a complete analysis of the trace-class 
nature and differentiability in the appropriate Schatten norm of A i— > exp(— s(5(A)^), for s > 0. In 
fact our hypotheses appear to cover most applications. As a consequence, the derivative dr'^^'^{X) /dX 
can be computed by differentiating the expression (1.21) under the integral, and under the trace. 
In §VII we justify this interchange of limits for a G 21 C Zp^a and for g(A) as above. 

Calculation of the derivative shows that there is a cochain h G C with coboundary dh such that 

= 9k(X) . (1.37) 

Integrating this relation we obtain 

rJLO(A) = rJ^O(A') + dH{X, A') , (1.38) 

where H{X, A') G C. Since the pairing (1.16) vanishes on coboundaries, {dH, a) — 0. The linearity 
of the pairing in r ensures 

3'^^'\a-g)=5'^^''\a;g). (1.39) 

In other words, 3'^*^'^^ does not depend on A, and so it is a homotopy invariant. As a special 
case of this result, we show that the definition of t^^'^, involved choosing a particular hyperplane 
So + Si + • • • + s„ = P for the Radon transform of (1.19), gives a pairing independent of /3. But 
more generally, 5*^ remains unchanged under a regular deformation of a parameter in a potential, 
of a metric, etc. 

We comment in §VIII on using the homotopy invariance of 3 (a; d) in various settings, as a tool 
to study or to compute these quantities. In particular, we study the possibility that the family 
{Ti, (5(A), 7, U (g), 21} for A G A, may have a singularity at one endpoint of an interval A. Wc give a 
method to study such an endpoint, by introducing a family r'^'"°(A, e) of approximations to r''"'-*(A). 

In §IX we generalize this approach to cover the case when Q can be split into the sum of 
"independent" parts Q = {Qi + Q2)/V2, such that (Qi + Q2)^ = {QiY + (Q2)^- We assume here 
that Qi and {QiY, are (J5-invariant, but we do not make that assumption about Q2- With further 
assumptions on a, the most important being that (Qi)^ — (^2)^ commutes with a, we obtain a 
modified formula for a pairing. Namely, with dia — [Q,a] and — I, the quantity 

3W.}(a;^) r e-*'Tr (-fU{g)ae-'^' dt (1.40) 

y/n J-00 ^ ' 



is invariant under regular deformations of (5i(A) and (52(A) which leave Q\ — Q\ fixed. 
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II Cochains and Coboundary Operators 

Functionals on 21 (maps from 21 to C) play a central role in non-commutative geometry. These 
functionals may be integrals or traces and are called expectations of operators in 21. We introduce 
three spaces H <ZC <ZT> multilinear functionals on 21 and use them below. 

In this paper, the fundamental space is the space C of entire cochains. The other spaces allow 
us to simplify the discussion of certain linear transformations of C into C. Each of these spaces are 
defined on 21 and have an invariance under 0, so we denote the spaces hjV = 1^(21; (J5), C = C(2l; 0), 
etc. We sometimes suppress either 21 or in order to simplify notation. 

A coboundary operator 9 is a continuous, linear transformation from C to C, with the property 
d"^ — 0. We study three coboundary operators in C: the Hochschild operator 6, the Connes operator 
and their sum d — b + B which is the coboundary operator in entire cyclic cohomology. 

II. 1 Spaces of Cochains 

The Space V. 

Define T>n as a vector space of functionals on 21"^^ x (3, where every /„ G is an {n + 1)- 
continuous, multilinear functional on 21, that is also a continuous function on (5. We denote the 
values of by /„(ao, . . . , a„; (7), where aj e 21 and g & (5. We assume that /„ is invariant on the 
diagonal, in the sense that 

/„ (ag \ af \...,a^ri '',9) = fn (^0, • • • , an, 9) ■ (H.l) 
The norm |||/„||| of /„ is defined with respect to the norm ||| • ||| on 21 and the sup norm on (J5. Thus, 

III /n III = sup \fn{ao,. . . ,an]g)\ . {11.2) 

llkjlll<i 

Elements of V are sequences / = {/„ : e Vn^n e which also are assumed to satisfy the 
entire condition: 

limni/2|||/„|||Vn^0. (II.3) 

n— »oo 

When we write an identity f — g in V, this means fn{ao, . . . ,an; g) — gnido, ■ ■ ■ , cin] 9) for each 
n e Z+, for all aj e 21, and all e 0. Likewise we interpret identities with the 0-dependence 
suppressed as holding pointwise in 0. 

The Space C CV. 

The key property of the space of entire cochains C is that elements of C vanish when evaluated 
on I except in the 0*** place. More precisely, the elements / G C are those elements f &T> such that 
for every n > 1, fn{(io, . . . ,an',g) — when any aj — I, for any j > 1 (but not j — 0). 
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The Space J\f cC. 

The subspace A/" of C is the annihilator of /. In other words, / G D is in A/" if each 
(oo, . . . jGn, g) vanishes whenever any aj = I, for < j < n. Thus f & C belongs to J\f if for every 
n e Z+, /„(/, oi, . . . , a„; g) = 0. 

II. 2 Elementary Linear Transformations 

We define a number of bounded, hnear transformations, T : V ^ V. In other words, all these maps 
have domain V and range in T>. We remark below specifically which of these operators also map C 
into C, map C into A/", etc. 

Let S denote a generic linear transformation S : T> ^ T>. Since T> is contained in the direct 
sum ®vPn and since <S is linear, it is sufficient to define S on each n e Z+. We often denote 
by Sn the action of S on In all the examples here, S is tridiagonal: the range of Sn lies in 

Cyclic Transposition. T : M ^ M . 

(2"/n)(ao,---,an;^) = (-l)"/n(an~\ao, •■■,a„_i;y) . (II.4) 
Note that as a consequence of the invariance (II.l), it is true that 

= I . (II.5) 

Cyclic Antisymmetrization. A : M ^ N. 

The cyclic antisymmetrization A„ on is defined by A„ = YIj=QTl. Then (II. 5) ensures that 
for any s e Z, 

^n = ETr^ (II.6) 

Annihilation. U : C ^ N , U : N ^ 

The annihilation transformation [/ maps I>„ into X'n-i- It is defined by 

^o/o = , (C/n/n)(ao, • • • ,an-i) = /n(-?',ao, • • • ,an-i) • (n.7) 
As U acts on the first variable ,U : C — > A/" and C/ : A/" ^ 0. 
Creation, y 

The creation operator maps Vn to I'n+i, according to the rule 

(K/n)(ao, ■ ■ ■ , On+l) = fniaodl, ^2, ■ ■ ■ , On+l) ■ (11.8) 
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We also introduce V{r) : Vn T^n+i, defined by conjugating V by T^', namely 

V{r) = T-''Vr . 

Then V^(0) = V, and acting on V^, 

r.,r\f\r \ f (-l)Vn(ao, • • • , OrOr+i, ■ ■ ■ , On+i) , 0<r<n, 

{V{r)M (ao, . . . , a„,0 = | a, . . . , a„) , r = n + 1. ^^^"^^ 

These definitions yield the following elementary identities: 

Un+lVn = In, (H.IO) 

Un+iV{r)n + V{r-l)n-iUn = 0, l<r<n, (11.11) 

C/„+iy(n + l)„ = -Tn, (11.12) 

and 

V(r)„+iV(s), + V(s + l),+iy(r)„ = 0, 0<r<s<n + l. (11.13) 

II.3 Coboundary Operators 

The Hochschild Coboundary. b:C^C. 

The Hochschild coboundary operator b maps Vn to I^n+i- It is defined by 

n+l 
r=0 

Thus 

ibnfn)iao, dn+l) = X](~l)Vn(ao, ■ ■ ■ , ■ ■ ■ , On+l) + (-l)"'''Vn (on+lOo, Oi, . . . , a„) . 

j=0 

(11.15) 

Note that 

n+2 n+l 

&n+l&n = X] XI V{r)n+lV{s)n 
r=0 s=0 

X {V{r)n+iV{s)n + V{s + l)n+iV{r)n)^0, (11.16) 

0<r<s<n+l 

where the last equahty follows from (11.13). 
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As a consequence of (11.16) we have established that 6 is a coboundary operator on P. In 
particular, we have proved on the identity V, 

b^ = 0. (11.17) 

Finally we verify that b acts on C, namely b : C ^ C, from which we conclude that b is also a 
coboundary operator on C, namely 6^ : C — 0. Assume that f E C\ we need to show that bf G C. 
Evaluate (6„/„)(ao, . . . , a„+i) using (11.15), and also assume that = I, for some fixed k with 
1 < k < n + 1. Then 

J ((-1)^'"^ + (-1)'') /„ (ao, . . . , flfc-i, flfc+i, . . . , an+i) ,k <n 

In both cases the right hand side of (11.18) vanishes, so 6 : C ^ C 

The Connes Coboundary. B : C ^ J\f. 

The Connes coboundary operator B is defined on C by 

B = AU. (11.19) 

In particular, Bn = An-iUn, and on C„ this can be written as 

(E„/„)(ao, . . . ,a„_i) = ^(-l)(""^)Vn ■ ■ -,0^1,00, ■ ■ . . (11.20) 

j=0 

Since [/ : C TV^ and A : A/" A/", it follows that B : C ^ U . Bnt U : U ^ Thus we have 
shown that i? is a coboundary operator on C, namelyi 

52 : C . (11.21) 

Finally we verify that on P, the two coboundary operators satisfy 

Bb + bB = . (11.22) 

In fact 

{Bb + bB)n = Bn+lbn + bn-lBn 

n+1 n 

= AnUn+1 E y{r)n + E V^(r)n-1 A„_it/„ . (11.23) 
r=0 r=0 



*Note that on the space I?, the Connes operator has an additional term, namely B ~ AU{I — T ^). The term 
UT~^ vanishes on C. It can be checked that {AU{I — T^'^)Y = on V, see for example H. 
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Using (11.10,12), the r = and r = n + 1 terms in the first sum in (11.23) are equal to An{In — T^)- 
By (II. 5-6), this is zero. For the remaining terms in (11.23), we use (11.11) to obtain 



n— 1 



{Bh + bB)r, = -An E y{r)n-xUn + E V iDn-xA^-xU n • (11.24) 

Again by (II. 5-6), 

n— 1 n n—1 

r=0 j=0 r=0 

n 

= Y,V{r)n-iAn-iUn. (11.25) 

r=0 

Hence we have shown that (11.24) vanishes and (11.22) holds. 

The Entire Coboundary. d:C^C. 

The entire coboundary operator is the sum of b and B. Define 

d^b + B . (11.26) 

Both b and B act on C and are coboundaries. By (11.22), 

= . (11.27) 

Alternatively, we could use the couboundary operator d — b — B which also is nilpotent. 

The Cocycle Condition, dr = 0. 

A cochain r e C(2l) is a cocycle if 

dr^O. (11.28) 

Equivalence Classes of Cochains. [/]. 

Wc define an equivalence class of entire cochains, modulo coboundaries. An entire cochain 
/ G C(2l) defines an equivalence class [/] by 

[f]^{f + dG:GeCm- (n.29) 
Clearly the equivalence [/] depends on the space C(2l) of allowed cochains. 
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II. 4 Convergence of Cochains 

We introduce here a topology on T) or on C. Let us consider a family of cochains indexed by a 
parameter A ranging over an index set A. (For example, A might be Z+, an interval (Ai, A2) on the 
real line, a subset of C, etc.) We use this structure to study analysis on C or on T). 

Let ^ denote a family of cochains /(A), 

^ = {/(A) : /(A) e C(or P), A e A} . (11.30) 
We say that 5" e C (or V) is hounded if there exists a sequence q;„ such that 

< q;„ , n^/^a^" ^ , (11.31) 

and for n G Z+, 

sup|||/„(A)||| <a„. (IL32) 
AeA 

We say that the family is Cauchy as A — > Aq if 1? is bounded in C (or V) and for every n, 

hm |||/„(A)-/„(A0||HO. (11.33) 

A,A'— »Ao 

A family ^ that is Cauchy as A ^ Aq has a hmit / in C (or V); in this case, for all n G Z+, 



We write 



fj < an , and lim |||/,(A) - = . (11.34) 

A— »Ao 



hm /(A) = / . (11.35) 
A-+A0 



The standard notions of ^ being closed or compact follow. 

If A is an open, real interval (Ai, A2), we say that /(A) is differentiable at Aq G A if for AeA, 



/(Ao) - /(A) 

hm = g 

A-*Ao Aq — A 



exists. Then /'(Aq) = g, etc. 



Ill Pairing a Cochain 

Let us define a pairing (r, a) between a cochain r G C(2t), and a root of unity a e 21®, as a non- 
linear functional r : 21® — > C which depends on r only through its equivalence class [r] . Since (r, a) 
is linear in r, it must be true that 

{dG,a)^0 (IILl) 

for all G G C(2l) and all a G 21*^. This condition allows us to determine a pairing, at least for even 
elements {r2„} C C(2l). 
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III.l {dG^a) = Determines a Pairing 

There is a canonical way to pair a cochain r G C(2l) with an element a G 21*^, such that the result 
(r, a) is linear in r. We suppose that the dependence of (r, a) on r„ is a linear function of either 

r„(a, a, . . . , a) or r„(/, a, a, . . . , a) . (III-2) 

Under this assumption, the general form of (r, a) is determined by a sequence of numerical coeffi- 
cients an, /3n independent of r and a, namely 



oo oo 



(r, a) = Y^ anTnia, a, . . . , a) + ^ PnTnil, a, a,..., a) . (III. 3) 

n=0 n=l 

We use the requirement {dG, a) = 0, along with the assumption that the odd components of r 
vanish, to limit the form of the pairing. 

Proposition III.l. Let a G 21® satisfy a? = I. Consider a pairing such that 

oo oo 

(r, a) = J2 "2nr2n(a, a,...,a) + J2 p2nr2nil, a, a, . . . , a) . (111.4) 

n=0 n=0 

Suppose that 

(r, a) = 

whenever r = dG and G G C(2l). Then 

lY {2n)\ 

n=0 



r,a) = ao I] (^-^j —^T2n{a,a,...,a). (III.5) 



Remarks: (1) We remark that it is no loss of generality to normalize the pairing (III. 4) so that 
ao = 1. With this normalization, (r, /) = tq{I). 

(2) Proposition III.l replaces Connes "normalization" condition M, which is unnecessary for 



this complex. Furthermore, Proposition III.l is dual to the related result of Getzler and Szenes |]T2 
These other results concern a pairing of r with idempotents p^ = p E 21®, rather than a pairing with 
operators a G 2t® which are square roots of unity, = I. There is a one-to-one correspondence 
between square roots of unity a and idempotents p given by a = 2p — /. In terms of these variables, 
the pairing introduced by Connes, which we denote (r, p)*^, equals our pairing for a = I. In general, 
it is the average of our pairing and its value at a = /, namely 

{r,pf = l{T,a) + ^{Tj). (III.6) 



(3) In §IV we introduce a cochain t'^^^ g C(2l) which will be the focus of much of the remainder 

-JLO 

2n+l 



of this paper. This cochain automatically has the property Tg^?^ = of the form (III. 4) 
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Proof. Let r = dG. For a G 21®, it is the case that a = a? = ^ = Assume a? = I and let 

n be even. Then the following three relations hold: 

6„_iG'„_i(a, a, . . . , a) = G'„_i(a^, a, . . . , a) + G'„_i(a^ 'a, a, . . . , a) = 2G'„_i(/, a, . . . , a) , 
5„+iG„+i(a, . . . ,a) = ^„G„+i(/,a, ...,a) = (n+ l)G„+i(/,a, ...,a) , (HI. 7) 

and 

(6„_iG'„_i) (/, a, . . . , a) = 2G'„_i(a, . . . , a) . (III.8) 
As S : C ^ jV, we also have a, . . . , a) =0 . Thus for n > 1, 

T2„(a, . . . , a) = 2G'2„_i(a, a, . . . , a) + (2n + l)G2n+i(-?", a, ■ ■ ■ , a) , (III.9) 

and 

T2n{I, a, . . . , a) = 2G2n-i(a, ■ ■ ■ , a) ■ (III.IO) 
Inserting the identities (III. 9-10) into (111.4) yields 

oo 

(r, a) = ^ (2Q;2n+2 + (2n+ l)Q;2n) G2n+i(l,a,a, . . . ,a) 

n=0 

oo 

+ E/^2nG'2n-i(a,o,---,a) . . (III.ll) 



n=l 



The vanishing of (111.11) for all G G C ensures vanishing of the coefficients in (111.11). Thus 
l32n = for n > 1, and (2n + l)Q;2n + 2a2n+2 = 0. This recursion relation is satisfied by a2n = 
(— l/4)"(2n)!(n!)~^Q;o- Substituting the coefficients a2n and /32n into (111.4) yields (111.5). 

The space Mat,„(2l) is the space of m x m matrices with entries in 21. Elements a G Matr„(2l®) 
satisfying a? — I are matrices a — {oij} 

m 

i=i 

The pairing (T,a) for a G Mat^(2l®), = /, is defined by 

°^ (2n)! 

= I3(-l/4)" — j- 13 T2„(aioi,,ai,i2,---,ai2nio) ■ (III.12) 

n=0 ■ l<io,ii,.--,i2n<"i 

We use a shorthand notation for (111.12), so m xm matrices which enter r are multiplied. Thus we 
write (III.12) as 

(r,a) = 53(-l/4)"^trr2fc(a,a,...,a) . (III.13) 

n=0 ^■ 

The tr in (111.13) denotes the trace in the space of m x m matrices Mat^(2t) with entries in 21. We 
summarize this discussion by stating 
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Proposition III. 2 Let t G C and a G MatTO(2t®) with = I. Then the pairing (III. 13) exists. 
Furthermore, (r, a) depends on r only through its class [r] , so 

(r, a) = (r + dG, a) , 

where G e C(2l), and 

{dG,a)=Q. (111.14) 

In the case m = 1, the pairing reduces to (111-4) normalized so ckq = 1. The proof of (III. 13) 
reduces step by step to the proof of (III. 4). 

III. 2 A Generating Functional J^{z; a) for r 
Let us define a generating function J'{z; a) for r by 

oo 

J{z;a) = J2{-z^)''trT2n{a,a,...,a) . (III.15) 

n=0 

As a consequence of the assumption that r is an entire cochain, and that |||a||| < M, we have 

|T„(a,...,a)|'/" < o(n-'/') . (III.16) 

Hence the series (III. 15) converges to define an entire function of z of order at most two. 
Let h{z) denote an entire function of one variable, 



h(z) = ^ hnZ^ . (III.17) 
n=0 

n^l/i^l^/" = o(l) as n ^ oo . (11118) 
A topology on S^p can be defined as follows: A family of functions {h^'^^} C £rj, indexed by A in an 

l/n 



We say that /i £ > 0, if 



< o(l), where o(l) is independent of A. 



index set A, is bounded in S^i if there is a bound 
The sequence converges to h & £^ if it is bounded and as A — > Aq, and if h!^^ — > hn- Remark that 
the space Sq contains all entire functions. 

The operator D — d/dz maps £^ into E^, for all 77 > 0. Likewise, multiplication by z maps E^i 
to Er^. Consider the operator 

i? = exp(DV4) = E (^J . (III.19) 

For bounded or functions, the operator R is given by convolution with a Gaussian kernel, and 
on those spaces it defines a contraction. 
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Lemma III. 3. The transformation R is defined on 8^ for rj > 1/2, and 



R-.S,^ , forr^>\. (III.20) 



Proof. Let us first estabfish (IIL20) in case h{z) = h{—z). Thus h{z) = J2n=o^2nZ ■ Since 

^ (2n)! 

2n-2k 



z 



we write R in the form 



with 



{Rh){z)= Y^f32mz'"', (III.21) 



m=0 



P2m — X! An-mf^n \T7 ' (IIL22) 

^ 4" ™(2m)!(n — m)! 



n=m 



Using the hypothesis (2n)!''|/i2n| < we obtain 



(2m)!(n — m)! 



n=ra 

oo 



< 5] o(l)" < 0(1)"* . (IIL23) 

n=m 

Here we used (2n)!^/^(n — m)!~^ < 0{l)'^m\, and > |. Hence G and we have estabhshed 

(nL20) for even h{z). In general, h ^ S^^ can be written h — hg + zhg where both and hg are 
even elements of £jj. Since = {z + 2D)R, the above analysis shows that (nL20) holds in general. 

As an entire function of z, J{z\a) defined in (HLIS) is an element of £^1/2. This is the conse- 
quence of assumption (II. 3) for entire cochains. Therefore we infer from (III. 20) that J is in the 
domain of 7?, and that {RJ){z\ a) is an entire function of z. As a consequence, we obtain a simple 
representation for the pairing (HI. 13). 

III.3 The Pairing Expressed in Terms of J{z] a) 

We now express the pairing (r,p) in terms of the generating functional J{z\d) of (HI. 15). This 
leads us to the Gaussian transform 3(a; 9) of J{z\ a), evaluated at the origin. 

Proposition III. 4. Let r denote an entire cochain for 21 and let a G Matr„(2l®) satisfy = I. 
Then the pairing (III. 13) can be expressed in terms of the generating functional J as 

1 7 

3(a; g) = {r.a) = ^ e"* J(t; a)dt . (IH.24) 
yTT ^-00 
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Proof. Since J[z\ a) is even, and an element of S1/2, we have from (III. 21-22) tiiat 

{RJ){0;a) = 5](-l/4r^trr2n(a,a,...,a) . (111.25) 
Comparing with (III. 13), we find 

(RJ) (0;a) = (T,a). 

As remarked above, the operator R can be expressed as convolution by a Gaussian. In particular, 

{Rf){s) = ^ e-^'-'^'f{t)dt, (III.26) 
yTT J-00 

which also can be seen from 

Hence we have the representation (III. 24). 



III.4 Pairing for Families 

In §11.2 we introduced the notion of a family ^ = {t(A} C C of cochains depending on a parameter 
A belonging to an index set A. An important consequence of the topology introduced for C, is that 
the pairing (T(A),a) of a family inherits the convergence properties from C. Associated with the 
family {t(A} C C, we have a family of generating functions {J'(A)} defined by 

00 00 
J{\) - J{z- a; A) = ^(-^2) V2„(A)(a, a, . . . , a; ^) - ^ J-„(A)^" . (III.28) 

n=0 n=0 

For each a G 21, and A G A, the function J'{-; a; A) is a function in S1/2, as defined in (III. 18). We 
consider {^/(A)} C £1/2 as a family of functions in £^1/2 parameterized by A G A. 

Proposition III. 6. Let the family {t{\)} C C be bounded, continuous at Xq, or differentiable at 
Xq in the sense of %II.2 as a map from A to C. Then 

(i) The family {i7(A)} C £^1/2 is respectively: bounded, continuous at Xq, or differentiable at Xq in 
the sense of a family in £1/2- 

(ii) For — I & yiaXmi^, pairing of t{X) with a of (III. 13) or of Corollary III. 3 defines the 
pairing function 

(T(A),a). (III.29) 

As a function of the variable X, (r(A),a) is respectively: bounded uniformly for X G A, contin- 
uous at Xq, or differentiable at Xq. 
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Proof. If the family defined by r(A) is bounded, then the bound (11.30-31) ensures that the 
coefficients Jn(A) in (III. 28) satisfy 

sup|J„(A)| < (III.30) 

aga 

where n^/^ay" — as n — oo. Thus {J'{X)} is a bounded family in £i/2- Likewise, convergence 
of the uniformly bounded coefficients j7n(A) as A — > Aq, ensures convergence of J7'(A) to a function 
J e £i/2- This is a consequence of the uniform bound on J7'(A) as a function of z, and of the 
Vitah convergence theorem for holomorphic functions. Likewise, if the difference quotient (t(Ao) — 
r(A))/(Ao — A) converges in C as A — > Aq, this means that (j7'(Ao) — J{\))/{\ — Aq) converges in 
8ii2- This proves part (i) of the proposition. The proof of part (ii) is similar. It is a consequence 
of the uniform bound (11.30-31), along with the continuity or differentiability. The uniform bound 
(11.30-31) ensures that the sum 

(r(A),a) = $:(-l/4)-^^trr2„(A)(a,a,...,a) (III.31) 

converges uniformly for A e A and is bounded by the constant M defined by 

oo / \ 2n+l 

M = ^ sup |||ai,|||m ^-p«2„ ■ (111.32) 

n=0 V J 

Thus (t(A), a) is a uniformly bounded function. If r(A) converges as A — >• Aq, then |||t„(A) — t„(A')||| 
is Cauchy for each n as A, A' Aq. Define (t(A), a)j^ as (III.31), but with the sum over n limited 
to n < A'". We write 

|(r(A),a)-(r(A'),a)| < |(r(A),a)-(r(A),a)^| + |(r(A),a)^-(r(A'),a)^|+| (r(A'), a)^-(r(A'), a) | . 

(III.33) 

The convergence of (III. 32) ensures that there exists Aq < oo such that for A^ > Aq, | (r(A),a) — 
(t(A), a)jY I < e uniformly in A G A. On the other hand, the fact that t„ is Cauchy insures that for 
N > Nq and fixed, we have | (t(A), a) — (t(A'), a) \ < e for A, A' arbitrarily close to Aq. Thus (r(A), a) 
converges as A — > Aq. The argument that differentiability of t(A) in C ensures differentiabihty of 
(t(A), a) is similar, so we omit the details. This completes the proof of the proposition. 

IV The JLO Cochain (DifFerentiable Case) 

IV. 1 Heat Kernel Regular izat ion and the Radon Transform 

The description of the JLO cochain requires some more structure, in addition to the algebra 21 
and the functional C on 21. We begin by introducing a Hilbert space H. and the algebra Eili.) 
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of bounded linear transformations on 7i. We represent 21 as a subalgebra of B{7i). We let || ■ || 
denote the norm on Ti and ||| ■ ||| the inherited norm on 21. We think of 21 as the non-commutative 
generalization of an algebra of functions. In this section we formulate the case that 21 is an algebra 
of differentiable functions; thus we call it the differentiable case. We also need to define a derivative 
on 21. This is natural for a differential geometric interpretation of non- commutative geometry. Some 
other operators play a special role. They are the following: 

Z2-Grading 7: 

A Z2-grading 7 G BiTi) is a self-adjoint, unitary 7 = 7*= 7"^. The grading 7 determines a 
decomposition of H, H = Ti^ ® H-., into the ± eigenspaces of 7. The orthogonal projections of H 
onto H± are P± = |(J ± 7), and P+ + P_ = /. We assume that 21 is pointwise invariant under 7, 

7a = a7 , a G 21 . (IV.l) 

In general, we denote the action of 7 as 

feT = 767-1 = 767 , be Bin) . (IV.2) 



Dirac Operator Q: 

The operatori Q = Q* is an (unbounded) operator on Ti whose square H = has the inter- 
pretation of Laplacian. It is assumed that Q and 7 anticommute. 



7Q + Q7 = . (IV.3) 

Let Q± = QP±. Then Q = Q+ + Q^, where Q*^ = Q„ and Ql = Ql = 0. It follows that 
H = Q+Q- + We also assume that for < P, 



Tr (e-'^« ) < 00 . (IV.4) 
The condition (IV.4) is called 0-summability by Connes [|]. At least in the case a = /3 = 0, it can 



be replaced by a more general condition, called KMS, see pl| , |T8|. 
Derivation d. 

The operator Q defines a graded derivation d. For operators b G B{T-C) in the domain of d, 



db = Qb- b^Q . (IV.5) 

"''In the physics hterature, the square root Q of the energy operator is called the supercharge. The Laplacian 
H ~ is called the energy, or Hamiltonian. The relation between supersymmetry in physics and index theory 
was observed by Witten in the context of the index of the exterior differential. In quantum field theory, the 
supercharge also operator has the interpretation of a Dirac operator on loop space. 
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We assume that all a G 21 are in the domain of d, and that the bilinear form da = Qa — aQ defined 
on T>{Q) X V{Q) uniquely determines a bounded linear operator 

da G B{n) . 

We assume that for all a, 6 G 21, 

d{ah) = {da)b + a{db) . (IV.6) 
Note that for b in the domain of d"^, or as a sesquilinear form, 

d% = [Q\ b] = Q% - bQ^ . (IV.7) 

In §V we elaborate the properties of the domain of d. 

Symmetry Group (3: 

Equivariance arises through the existence of a continuous, unitary representation U{g) of a 
compact Lie group & onH. We assume that 

Uigh = ^Uig), U{g)Q = QU{g). (IV.8) 

We let 

W = U{g)bU{g)\ be Bin), (IV.9) 

denote the automorphism of Bili,) induced by C5. We assume that (S acts on 21, namely that for 
all a G 21, G 21. The group C5 may be trivial, in which case the cochains are no longer functions 
on (£>. This is the ordinary (rather than equivariant) theory. (The representation U{g) acting on Ti 
has no relation with, and should not be confused with, U in (II. 7) which acts on T>.) 

Heat Kernel Regularization: 

Consider (n + 1) operators bj G B{7i),i = 0, 1, . . . , n. Define the operator valued function X{s) 
on M"+i by 

X(s] = [ boe-'"^%ie~'^^^ ■ ■ ■6„e-""'3' , every Sj > 
\ , any Sj <0 

The operator X{s) is the heat-kernel regularized density of the ordered set operators {bo, bi, . . . , 6„}. 
See also [jl3[. Note that X{s) is an (n + l)-multilinear function on the set B(H). We call {bo, . . . , 6„} 
the set of vertices of X{s). We sometimes use X to denote the set of vertices, 

X = {bo,bi, ...,bn}, 

as well as the heat kernel regularization, at least in cases where no confusion can arise. 
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The Radon Transform: We also consider the Radon transform X{f3) of X{s) corresponding to 
the hyperplane sq + si + • — \- Sn — P > 0- In other words 

X{f3) = J X{s) (rs{(3) . (IV.ll) 

Here d'^s{P) denotes Lebesque measure on restricted to the hyperplane J2]=o — P- Explicitly, 
this measure is 

d^'sip) = S{so + ••• + «„- P)dsodsi ■■■dSn, (IV.12) 

where 5 denotes the Dirac measure. We shall see in (V.20,24), that the total measure of d^s{f3), 
integrated over the positive "quadrant" M""^-*^, equals j3"'/n\. 

The hcat-kcrnel-rcgularizcd density X{s) and its Radon transform X(/i) form the basic objects in 
the geometric theory we develop here. We refer to both as heat-kernel regularizations of {6o) • • • , &n}- 
It often turns out in the geometric theory that hyperplanes for different values of /5 are equivalent, 
and this is always the case if exp(— /^Q^) is trace class for all /9 > 0, see §VII.6. Thus in order to 
simplify notation, we restrict our attention to the plane 

So + Sl H V Sn = l . 

Denote this value of the Radon transform hy X = X[(5 = 1). When there is no chance of confusion, 
we simply write for the corresponding measure 

= d'^s(l) or ds = d"s(l) . (IV.13) 

As a consequence of the trace class property of e~^^^ for each > 0, the heat kernel regular- 
ization X{s) and also X is trace class. The trace norm \\X\\i — Tr {^{X* XY^"^^ of X satisfies 

ll^lli < ;^Tr (e-^^) ^nil^.ll) ■ (IV.14) 

We postpone the proof of (IV.14) to §V, in conjunction with the proof of other related bounds, see 
Corollary V.4.v. 

Symmetries of X: 

The group Z2, implemented by 7, and the group 0, implemented by U{g) both commute with 
exp(— /3(5^). Hence these groups act on X by acting on the vertices of X. Let X'^ denote the heat 
kernel regularization 7X7"^ of X"' with vertices 

x^^{hlhl,...,hi}- 

Similarly let X^ denote the heat kernel regularization U{g)XU{g)* of X^ with vertices 

X^ = {blbl...,bi}. 
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IV. 2 Expectations and the Radon Transforms 

Expectations {X]g): 

The expectation {X; g) of a heat kernel regularization X is defined by 

(X;(7) = Tr(7f/((?)X). (IV.15) 

Since the expectation is a hnear function of each vertex of X, we also use the notation which 
indicates this multilinearity, namely we denote {X'ld) by 

(X; ^) = Tr {^U{g)X) = (60, 61, . . . , 6„; ^) = (60, &i, ■ ■ ■ , &n; g)n ■ (IV.16) 

Here we use the subscript n, when it may be helpful to clarify the number of vertices. The bound 
(IV. 14) ensures that the expectation is continuous in each vertex, and 




(IV. 17) 



Symmetries of Expectations: 

As a consequence of cyclicity of the trace, and the commutativity of 7 and U{g), 

{X-g) = {X^-g) = {X^-g) = {X'";g) . (IV.18) 

More generally, for h e (3, {X^; g) = {X; h~^gh). 

Another symmetry of the expectation arises from cyclic permutation of the vertices, 

(60, 61, ... , 6n; g) = bo,..., g) ■ (iv.i9) 

We also remark that the expectation is invariant under the infinitesimal d. This means that for all 
heat- kernel regularizations X, 

{dX; g)^0. (IV.20) 

In particular, if X'^ = X, then (dX)^ = -dX and (IV.20) vanishes by (IV.18). On the other hand, 
if X'^ = —X, then (dX) = QX + XQ, and (IV.20) vanishes on account of (IV.3) and cyclicity of 
the trace. Writing out (IV.20) in detail for X with vertices bo, ... , bn, we infer that 

n 

J2{blbl,...,b]_„db„b,+„...,b^;g) =0. (IV.21) 

j=0 " 

Another interesting identity for expectations is 

n+l 

{bo, ■■■,bn;g)n=Yl (^0, . . . , bj-i, I, bj, ...,bn; . (IV.22) 
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This follows from a change of variables in the Radon transform (IV. 10), for 1 < j < + 1. Let 

A' = A, < z < J - 2, = A_i + A, A = A-i, J<^<n, and = A_i. Then 

(6o, • • ■,bj_i,I, . . . ,&„;5')„+i 

= / Tr (iU{g)boe-^oQ' ■ ■ ■ h.^.e-^'^-^'^'h.e-^'P' ■ ■ ■ &„e-^"«') d(5',- ■ ■ d(3'J(3'^^, , 

Jan ^ ' 

(IV. 23) 

where cr„ denotes the set 

0<A', < < , and + ^ + . . . + /^^ = 1 . (IV.24) 

Note the integrand is independent of ii'n+v Therefore the integration yields times an 
integrand common to every such term, 1 < j < n + 1. This latter integrand by itself would integrate 
to (6o, • • • ■,^n\9)n- Summing over j results in the integrand J2]=oPj times the integrand defining 
{bo, . . . , bn', g)n- But the constraint Y^]=oP' = 1 in this integral reduces the sum to {bo, . . . ,bn] g)n, 
so we infer (IV. 22). 

IV.3 The Cochain r^^^ 

The JLO cochain [jl^ is the expectation whose n^^ component is defined by 

r;J^^(ao, ...,an;g) = {ao, dai, da^, g) . (IV.25) 

We assume that for a & A the norm is defined so that ||| ■ ||| dominates the first Sobolev norm defined 
by 

|||a|||i = ||a|| + ||rfa|| . (IV.26) 

Namely 

ll|a|||i < lll«lll • (IV.27) 

In other words, every element of 21 has a bounded derivative, so each element of such an 21 is 
the non-commutative generalization of a continuous function. As a consequence, we infer that the 
expectation r"""° = {t^^'^} is a cochain: 

Lemma IV. 1. The expectation t'^^'~' is an element of the space C(2l) of cochains, as defined at the 
start of §//. Furthermore r"^'"^ extends by continuity and linearity from 21 to the subalgebra Bi of 
operators b G -B(7i) such that |||6|||i < oo, and Bi is a Banach algebra. 

Proof. Clearly t^'^ is [n + l)-linear in 21. We show that t!^^'^ G C„. This requires the symmetry 
(II. 1) of cochains, continuity in the norm of 21 and continuity in 0. In addition must vanish 
for ak = I , k = 1,2, ... ,n. But this latter fact follows from dl = 0. 
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The required symmetry (II. 1) for r^'^ is a consequence established in (IV. 18). We combine this 
fact with the assumption (IV.8) which ensures d{aP ) = {day . Thus 

rt°{af\...,ai';g) = {af ,d{aC) , . . . ^d^a^-') ; g) 

= (ag , (daiy~\ . . . , (dany~' ; g) 
= (oo, dai, dan] g) = T^^°(ao, ■ ■ ■ , a„) 

as desired. 

The continuity of r;J^° in 21 follows from (IV.17) and (IV.26). 

O(ao,...,a„;^)| < ^Tr(e-e') [f{ |||a,|||ij . (IV.28) 
Since |||a|||i < |||a|||, we have 

|||tJ^°||| < ^Tr (e-^') . (IV.29) 

Furthermore U {g) is a continuous, unitary representation, so T^^^{aQ, . . ., a„; gi) is continuous (point- 
wise) in 6. Thus r^^'^ e C„. 

We verify that the sequence r"''"® e C. The factor ^ in (IV.29) ensures that 

n||M^/"<0(l), 

so the entire condition (II. 3) is satisfied. 

Thus T^^*^ extends by continuity to Bi. Finally we verify that Bi is a Banach algebra. In fact 
for a, 6 e Bi, we infer from (IV.5) that d{ab) — {da)b + a'{dh). Hence 

|||a6|||i = ||a6|| + \\d{ab)\\ < \\a\\ \\b\\ + \\da\\ \\b\\ + \\a\\ \\db\\ < |||a|||i|||6|||i , 

as asserted. 

Other Symmetries of r"'^*^: 

Remark that for aj G 21, the odd components of t'^^^ vanish, namely 

T2^„^0(ao,...,a„;^) = 0. (IV.30) 

This is a consequence of (IV. 1,3,5) which ensures {day = —da. Thus using (IV. 18), 

{ao,dai,...,dan;g) = {a'^,{daiy,...,{dany;g) 
= {-iy{ao,dai, . . .,dan;g) , 
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so T„ vanishes for odd n. 

Another elementary identity, a consequence of (IV.21) and the choice of aj e 21 is that 

n 

Z](-l)'''^n^°(«o, ■ ■ ■ , Oj-i, daj, aj+i, . . . , a„; g^) = . (IV.31) 

j=0 

IV. 4 The JLO Pairing and the Generating Functional 

The Generating Functional J'{z;a): 

Wc evaluate the generating functional J^{z; a) of (111.15) for 
r = T'^^'^. Since T2n^i = 0, we can also write for a e 21, 

oo 

jJLO(^;a) = J2{-z^rti:T^{a,a,...,a;g) . (IV.32) 

n=0 

Hence 

J^L°(^;a) = Tr (^^U{g)ae-^'+'"^'') . (IV.33) 

A Formula for the Pairing: Using (IV.33), we infer that the pairing can be expressed simply. 

Proposition IV.2. The pairing (T'^^'^,a^ of the cochain t'^^'^ with a e Mat,„(2l) satisfying = I 
can be written 

3^(a; g) = ^r e''"TT huig)ae-^"+''''') dt . (1V.34) 
Here Tr denotes both the trace on H and the matrix trace in MatOT(2l). 

V Fractionally Differentiable Structures 

We use the name quantum harmonic analysis for the study of fractional differentiability of operator 
valued functions. An interpolation space, in the quantum context, is a Banach algebra of operator- 
valued functions with fractional derivatives. We distinguish quantum harmonic analysis from "non- 
commutative harmonic analysis," a term used to denote the study of harmonic analysis on non- 
commutative groups. 

V. l The Classical Picture 

Let us digress on a simple case — we refer to it as the classical case — for purposes of motivation. 
Take S 

— ffifc=o^fe to be the exterior algebra of smooth differential forms on the n-torus T"^. Let Sk 
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denote fc-forms with the standard inner product. We let Ti denote the Hilbert space of forms 
obtained by completing £ as an inner product space with the inner product on £ given by the sum 
of the inner products on £k. Thus H = ®l=Qn^^\ Also define 7 as (—1)'^ on n^^\ and let denote 
the group of translations on T^. Thus acts unitarily on Ti, and for f ^ H, {U{x)f){x) = f{x — y). 

Define d to be the exterior derivative with domain £ d Ti. Then define Q = d + d*. Clearly 
Ql + lQ = on and U{g)Q = QU{g). The operator Q with domain £ is essentially self-adjoint. 
Then = dd* + d*d = —A is the Laplacian. Also exp(— /SQ^), /? > 0, commutes with 7 and U{a). 
Furthermore exp(— = e^^ is trace class for every P > 0. 

Alternatively, we can consider £^ as a subalgebra of B{T-C), the bounded, linear operators on Ti. 
An element in £k maps Tik' to 'Hk+k' by exterior multiplication. We give this algebra the norm 

\\hh = \\h\\ + \\dh\\, be£, (V.l) 

where || ■ || denotes the operator norm on Ti. This agrees with the norm defined on the coefficients 
of the form b. Define 2li as the completion of the smooth functions £q (the smooth zero forms) in 
the norm (V.l). Hence 2ti is the algebra of Lipshitz continuous functions, 

snp \a{x + y) - a{x)\ < M\y\ . (V.2) 

X 

Since (V.l) has the same form as the norm (IV. 26), we can regard this example as a special case of 
§IV where we take ||| • ||| = ||| • |||i and 2t = 2li. From this point of view, the material in §IV belongs 
to the study of the non-commutative Lipshitz class. 

In order to distinguish the differentiable structure from the continuous structure in the non- 
commutative case, one wants to study the analogs of Holder continuous classes, which in the classical 
case would satisfy 

snp\a{x + y)-a{x)\<M\y\'', 0<a<l, (V.3) 

X 

for a the exponent of continuity. 

Related to such classes are functions with fractional derivatives of order a. The derivative da of 
a Holder continuous function is unbounded. However fractional derivatives may be bounded. One 
way to define an fractional derivative of order a of the function a is to suppose that 

(-A + /)"/2a(a;) e LP(T") , (V.4) 



for which an extensive theory exists in the classical case, see If a{x) is bounded, then a natural 
norm on such functions is , ||a||L°° + II (~^ + I)°'^'^o,\\lp. If the norm with p = 00 exists, then one is 
ensured that the function a{x) is Holder continuous for all continuity exponents a' < a. For a < 1 
this norm 

||a|Uoc + ||(-A + /)"/2a|Uoo (V.5) 
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is equivalent to 

||a||ioo + ||(-A + /)-(i-'*)/2da||Loc . (V.6) 

The norm (V.6) provides a natural measure of functions with derivatives of order a, or of functions 
which are Holder continuous with exponent a' < a. Other norms of classical analysis could also be 
studied. 

In this section we pose these questions in the non-commutative case. Thus function space norms 
need to be replaced by operator norms, and there are other corresponding adjustments. We have 
the following dictionary 



classical 

function space 
exterior derivative d 
Laplacian 

^ 2 ) degree 

L°°-norm 
L^-norm 

generalized function 

Sobolev norms of a function 

tempered distribution 

space of fractionally differential functions 

exterior derivative 

degree of regularity 

regularity as a function of dimension 

regularized current 

integral of (current) 



non-commutative 

algebra 21 of linear transformations 
graded commutator with Q 

7 

operator norm 
/p-Schatten norm 

operator- valued generalized function 
norm of maps between Sobolev spaces 
bounded map between Sobolev spaces 
interpolation space Zi3,a 
graded commutator with Q 
local regularity exponent jyiocai 
global regularity exponent 77giobai 
heat kernel regularization 
JLO-cochain ri^° 



It is natural to define fractional derivatives in terms of the scales determined by Q. Thus we say 
that a bounded operator a has a derivative of order ji if (Q^ -|- lY/'^a{Q'^ -\- is also bounded. 
We take the norm 

||a|| + ||(g2 + /)/^/2a(g2 + j)-m/2|| (V.7) 

as the non- commutative version of (V.5). Since da is fundamental for the theory of invariants, we 
prefer to pose our assumptions in terms like (V.6), rather than (V.7). We show in §V.3 that (V.7) 
with /i > 1 leads us to assume a bound on WiQ"^ + I)~^^~'^''/'^da\\ itself. More generally, it is possible 
to assume 

for some < a,P and < a + P < 1. The order of differentiability is /j, — 1 — p. Thus we obtain not 
one space, but a family of non- commutative spaces which generalize the space of bounded functions 
with fractional derivatives in the sense of (V.6). In fact, each of these spaces gives rise to a theory 
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of geometric invariants. In §V.5 we introduce a family of interpolation spaces Zp,a that provides a 
natural framework in which to generalize the construction of §IV. 



V.2 Sobolev Spaces in H 

We start with a Hilbert space Ti and a fundamental Dirac operator Q — Q* onTi with domain T), 
as in §1V. We define Sobolev spaces Tip C Ti for < p < oo which are the domain of \Q\^ with 
a Hilbert space structure. In order to simplify the discussion of cmbcddings, let us consider the 
domain of the operator (Q^ + lY^"^-, which we denote + ly^"^) or Vp = Vp{Q) for short. The 

Sobolev space Hp — Hp{Q), < p < oo, is the domain T>p, considered as a Hilbert space with inner 
product 

The corresponding negative Sobolev space 7Y_p, for p > 0, is the completion of Ti. in the norm 
determined by the inner product 

(/> 9)n^, = {(Q' + ir^'^f^ iQ' + ly'^a) ■ (v.io) 

For a > [3 there is a natural embedding Ti^ C Tip. With respect to this embedding the spaces li.p 
and Ti-p are dual, and for p > they define a Gelfand triple 

HpGHGH-p. (V.ll) 

This is a standard device in the study of classical generalized functions or distributions, see [Gelfand]. 
We also introduce the square root of the resolvent of the "Laplacian" Q^, 

R^{Q^ + I)-^/\ (V.12) 



so 

{f,9)n, = {R-'f,R-'9)^ ■ (V.13) 

In the classical case, the integral operator given by W^"^, p > 0, is called the Bessel transform 
operator of order p. We define 

^oo = n^P' and H-oo^UHp. (V.14) 
p p 

Then for p > 

Tioo C Hp C Hq C H-p C H-oo -i (^-15) 

and for s > 0, 

e-^^' : H-oo ^ Hoo ■ (V.16) 
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V.3 Some Facts 



Schatten Classes Ip. 



The analog in the non-commutative case of Ip spaces are the Schatten ideals Ip — Ip{Ti.). This 
is the subspace of compact operators on H for which the norm || • ||p is finite. Here 

mp=\\bh = i^riib*bf')f' ■ (V.17) 

When there may be a chance of confusion, we write || ■ ||/ for || ■ ||p. For p = 1 this is the trace 
norm, and if ||6||p < oo for some p, then = limp_^oo ll^llp- It is clear that < if p' < p. 

The Schatten norms satisfy a Holder inequality for 1 < r, namely 

||a6||. < ||a||p||6||,, ^ + ^ = (V.18) 

More generally, 

n "11 

||ao---a„||r- < n IIojIIw ' E- = r- (V-19) 

j=0 j=0 ' 

The Beta Function B^. Let rjj > 0, j = 0, 1, . . . , n. Then define the beta function S„ as 

B^{r,o,Vi,...,Vn) = ^^^. (V.20) 

Here r(-) denotes the gamma function. 
We also define (T„ C ]R"+^ as the subset 

(7„ = |s : s e R"+^ 0<s^-, XJsj = l|. (V.21) 

A natural measure on (T„ is ^"^(l), as given in (IV. 12), namely Lebesque measure restricted to the 
n-hyperplane sq + • • • + s„ = 1. Then we claim that 

Bnivo, ...,Vn)= f ill sj'^A rs{l) , (V.22) 

namely Bn is a Radon transform given by the hyperplane an- For < (3, let /5(T„ denote the set an 
scaled by (3 and define the Radon transform 

Bn{m:...:Vn;P)^ [ ( fl ^j'^'" ] s{(5) . (V.23) 
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Changing variables, we have 

Bn ivo, ...,Vn;P)^ p-'^^U^^Br,{vo, ■ ■ ■ , Vjl 1) , (V.24) 

or 

Using the representation r(77) = /q°° e~*t~^'^^dt, we have 

= r dpe-^ ( o?sodsi---ds„5(so + si + --- + s„-/3) ( ns"'+''M 

^0 Js„>0 XJJq j 

= rdPe-^f (flsj'^Ad-siP) 

Jo Jl3an yj-J-Q J 

^0 Jan \j=o I 



rft'fe]/ fri 

\j=o J \j=0 



j=0 

where in the second to last equality we use (V.24). Hence we have proved (V.22). 

We remark that with |(7„| the measure of an, and > 0, we infer from (V.20,24) that 

1 /9" 
|a-„| = fi„(l, . . . , 1) = — , |/5cT„| = — , 

n! nl 

/I \ 4"r?' /II \ TT 

E„ =——, and S„ -, -, 1, . . . , 1 = -. (V.25) 

V2' ' '7 (2n)! ' V2' 2' ' ' 7 (n- 1)! ^ ^ 



V.4 Operator- Valued Generalized Functions 

We formulate here the natural definition of a generalized function in the non-commutative case, 
which reduces to a distribution in the classical case. A generalized function, or operator valued 
distribution, is a bounded, linear transformation between two spaces Tip = TipiQ) for different 
values of p. We consider a bounded linear transformation x with domain Tip^ and range contained 
in 7Yp2- If Pi = and p2 > 0, then x is a bounded linear transformation on Ti. If pi > and 
P2 > 0, then X is an unbounded operator on Ti, with domain Vp^. If pi > and p2 < 0, then x is a 
sesquilinear form with domain Vp^ x Vp^ . 
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The operator (Q^ + /) defines a unitary isomorphism between Hp^ and Hp^+p. The norm of 
a bounded, hnear transformation x from Tip^ to Tlp^ is given on Tl by 

= \Mh,,-^h,, = . (V.26) 

We often are interested in the case pi > and p2 < of generahzed functions, for which 

= Mn.,-^n-,, = WR^^xR^^W . (V.27) 

Let T{p2,Pi) = T{p2,Pi', Q) denote the space of bounded, hnear transformations from l-Lp^{Q) 
to Hp^iQ)- If a; G T{p3,p2) and y G T{p2,pi) then xy G T{p^,pi). Clearly Q is an element of 
Tip - with norm = 1. 

For q;,/3 > 0, any x G T(— /3, a) defines a sesquilinear form on x in V,. For all p, the 
space Vp C Tioo, so x is defined on TYoo x "^oo- Thus for < s, we infer from (IV. 16) that 

e ^ xe ^ 

is bounded. Thus for < s < 1, < a < 1, 

||^-ag-3Q2|| < 2s-"/2 ^ and ||e-^^'xe-*^'|| < 4s-^/2^-"/2||a;||(_^_^) . (v.28) 

We could on this account define an alternative norm 

llklll(-P.,pO = sup (//V/^lle-^^xe-^'^l) , (V.29) 

0<s,t<l ^ ^ 

and use (V.26) to define a slightly larger space of generalized functions including T(— a), namely 
the completion of T(— /5,q;) in the norm |||a;|||(_^^Q,) < 4||a;||(_^_a)- 

Definition V.l.a. A non- commutative generalized function x is an element ofT{—j3,a) for some 
a, (3. If a, P > 0, we call x a vertex of type (/?, a), with respect to Q, (or vertex for short). 

b. A regular set of [n + 1) ordered vertices X = {xq, . . . ,Xn}, with respect to Q, (for short, 
a regular set of vertices) is a set of vertices Xj of type {(3j,aj), where aj,(3j satisfy the following 
conditions: 

0<r/, = l-i(a,+/3,+i), j = 0,l,...,n. (V.30) 

Here (3n+i defined by = /?o- 

c. The local regularity exponent jyiocai of the set X is defined by the 

< ryiocai = mill {rjj} , (V.31) 
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and the global regularity exponent ^lobai of the set X defined by the mean exponent 

1 " 

global = ——rl^?7j ■ (V.32) 

'^''-^ ^ j=0 

A given vertex Xj is generally an element of several different spaces T{—(3, a); for instance, Q is 
an element of T{fi — 1, fi) for every real /i. We say that a set of vertices X — {xq, . . . , x„} is regular 
if it satisfies Definition V.l.b for some given set of {—fij, ckj}. Note that 

< 77local < global < 1 ■ (V.33) 

Furthermore, if {xq, Xi, . . . , x^j} is a regular set of vertices, then so is any cyclic permutation 

{Xj, Xj^i, . . . , Xn, Xq, Xi, . . . , Xj^i} . (V.34) 

The transformations U {g) and 7 commute with on H. Thus U (g) : Tip — > Tip and 7 : Hp Tip. 
We infer that x e T[—(3, a) ensures 

= 7x7 and = U(g)xU(g)* e T(-(3, a) . (V.35) 

It follows that if {xq, ■ ■ ■ , x„} is a regular set of vertices, then so is 

{4«,a;f,...,xf} (V.36) 

for go, gi, ■ ■ ■ gn e (J5. Similarly any of the x^'s may be replaced by x]. 

Definition V.2. The heat kernel regularization of a regular set of vertices X — {xq, Xi, . . . , x„} 
with respect to Q is defined for s & an by the following sesquilinear form onTl x Tl, 

X(s) = Rf^°xoe-'°^\ie-''^' ■ ■ ■ x„e-^"^'i?-* . (V.37) 

We take X{s) = for s ^ an- 

Note that s G o"n ensures that each sj > 0. Hence the form (V.34) is bounded on TC x TC, 
and X{s) uniquely determines a bounded, linear operator on Tl, which we also denote by X{s). 
Furthermore, exp{—(3Q'^) is trace class for all /? > 0, so X{s) is a trace class operator on Tl. 

Proposition V.3. Assume that X{s) is the heat kernel regularization (V.34) of a regular set of 
vertices with respect to Q. Then for any 11 in the interval < < 1; 

(i) The trace norm of X{s) is bounded for s e as defined in (V.21), by 

\\X{s)\\, < (2/.-(-^s-))-+^iv (e-(--)«^) {f{^sf-^Hx^\^-,,,^^^ , (V.38) 
with r^giobai defined in (V.32) and rjj in (V.31). 
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(ii) The map s i— > X{s) is continuous from an to Ii, the Schatten ideal of trace class operators. In 
fact the map is Holder continuous with exponent rj' less than rjiocax , up to the boundary of an- 
For the Euclidean distance \s — s'\ sufficiently small, and with mi,m2 defined in (V.51); 



n \ I Ti 



\\X{s) - X{s')\U < mimr^k - 11 'j'^'' E ^7'' 11 ) ■ (V.39) 

\j=0 ) \j=0 / \3=Q 

Since r( < r^iocab the right hand side of {Y. 39) is integrable over s & an- 
(iii) // each Xj G B{7i), then for s e an, 



n 



||X(.)||,<Tr(e-«)j^nik.llj ■ (V-40) 

Proof. Define the following operators Tj, Sj, j — 0,1, . . . ,n: 

Tj = Rl^^XjR^^ , Sj = R-^i-Pj+i^-sjQ'' ^ (;V.41) 
where '-— Po- Then X{s) — TqSqTiSi ■ ■ ■ TnSn- Each Tj is bounded, and 

Each Sj is in the Schatten class I^-i. In fact, for < < 1, by the Holder inequality for Schatten 
norms (V.18), 

\\Sj\\s-^ < \\R~°'^~^^+^e-^''i^^\\iJ\e-^^-^'>^^^\\i 

< 2(/xs,)-("^+'^^+i)/2Tr (e-(i-'^)'5^) , (V.43) 

where we use the bound (V.28) for the || • (operator) norm. Thus using Holders inequality 
(V.19) on X{s) with the exponent oo for Tj and the exponent sj^ for Sj, and using Z^"=o*j — 1> 
we have (with the exponents rjj and global defined in (V.31,32) ) 



\^j\\{-l3j,aj) I , 



\j=0 



which is the bound (V.38). Note that if Xj G B{Ti.), j = 0,1, . . . ,n, then aj = (3j = 0, j = 0,1, ... ,n 
and we can take = in the bound on Sj. In fact, we have ||Tj|| = and = 

s 

^Tr (e~*^^)) \ Thus the factor 2""'"^ in (V.35) can be replaced by 1. Also r)j — 1 — jygiobai, for all j, 
so in this case we have (V.36). This completes the proof of (i) and (iii). 
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(ii). In order to establish continuity of s — >• X{s) at s, we consider X{s) —X{s') where s, s' G an 
and where s' is sufficiently close to s. Let s — miuj sj; note s & an ensures s > 0. We suppose that 
s' lies in the neighborhood of s defined by 

sup \sj - s'j\ <es . (V.44) 
j 

We take < e < 1. Thus 

\sj - s'j\sj^ < e , and s'j > (1 - e)sj , j = 0, 1, . . . , n . (V.45) 
The first inequahty in (V.45) is a consequence of 

\sj — < es < esj , 

while the second inequality follows by 

4 = + {s'j - Sj) > Sj - \sj - s'j\ > (1 - e)sj . 
We now show that on this set, and for any r]' < ?7iocai, 

\\X{s)-X{s')\U<0{\s-sr'). (V.46) 
In other words, s ^ X{s) is Holder continuous with any exponent r]' < Tyiocai- 

We require a slightly different set of bounds from (V.43). Let us denote Sj{s) by Sj and Sj{s') 
by Sj. The bound (V.45) ensures 

IIS" II -1 < \\R-'^j-Pj+ie~'^^'j^'^\\ ||e~^^"''^*^'^^||7 

II J Ms • II II II II ^-1 

3 

< 2(^s;.)"^"^^^^+'^^' (Tr (e-^i-'^)^^^/^^)^'))'' 

< 2((l-e)//s,-)"^"^^^^^'^^'(Tr (e-(i-'')(i-^)«'))'' . (V.47) 
Furthermore we establish for r)' < r^iocai 

\\Sj - S'jl-. < MsJ^^^'^'-'^'^ls, - s'/ (Tr (^e^^^-^)^^-'^)^'))'^' , (V.48) 

where 

M = 2/1-2+''^ e^-''' . (V.49) 
Let Sj{a) = asj + (1 — a)s'j interpolate between Sj and s'j. Then 

Sj-Sj = Sj{Sj{a))\o = — da 

= Q^Sj{sj{a))da 

= {s'j - Sj) £ Q^R-^''^+^^+'^e-'^^°'^^'da . (V.50) 



Quantum Harmonic Analysis and Geometric Invariants 



41 



Thus 

(V.51) 

For < a < 1, 

sj{a) > {1 - e)sj . (V.52) 

Thus 

ll^-,- - < 2\sj - 4|(/xs,)-(2+"^+'^^+i)/2 (Tr (^e-^^-e)ii-f^)Q'^y . (V.53) 

Write = ,-(i-.')^-K+/3,+i+2,')/2^ ^j^^^ 

- S-^ll,-! < 2\sj - 4.|'?'s7("^+/3.+i+2'^')/2e(i-V)^-(2+a,+/3,+o/2 (^T (e-(i-^)(i-f . (V.54) 

With given in (V.27) and M of (V.49) we have (V.48). 
Now write 

n 

X{s) - X{s') = J^ToSoTiS^ ■ ■ ■ T^{S, - ■ --T^S'^ . (V.55) 

j=0 

Estimate — X(s')||i using Holder's inequahty in the Ip norms, as in the derivation of the 

bound on X{s). Use the operator norm on each Tj and the || ■ ||^-i-Schatten norm on Sj, on Sj, or 

on Sj - S'^. 

We obtain from (V.38, 43, 47, 48) the following bound on (V.55): 

\\X{s) - X{s')\U < m,m-^'\s - s'l"' (f[ s'f'^'A (t^jA ill Mi-^.^A ■ (V-56) 

\j=o J \j=o / \j=o I 

Here 

mi = /x-^e(^-"')Tr (e^^^-^^^'-'^)'^') , and ms = 2 ((1 - e)/i)-('-^«'°'>-') . (V.57) 
This completes the proof of the proposition. 

Corollary V.4. Assume X{s) is the heat kernel regularization (V.37) for a regular set of vertices 

with respect to Q, and that exp{—(3Q^) is trace class for all (3 > 0. Then with d^s — d"s(l) defined 
in (IV. 12), 
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(i) The Radon transform 

X = f X{s)d''s (V.58) 

J an 

exists and is a trace class operator on H. 

(ii) The trace and integration of ^U{g)X{s) commute, namely 

Tr {jU{g)X) = [ Tr {jU{g)X{s))d-s . (V.59) 

Ja„ 

(iii) For s G (T„, defined in (V.21), and for < /i < 1, the quantity 

Tr {-^U{g)X{s)) = Tr (jU{g)e-^''-^' Xoe~''^' x^e''^^" ■ • • e-^-i^'x^e-^^"'^)^"^') , (V.60) 
is independent of /i. Thus we define 

Tr {^U{g)xoe-'°^'' ■ ■ ■ Xne''"^^) = lirn^ Tr [^U{g)e-f''"^\oe-'°^' ■ ■ ■ Xne'^^-"^'-^^) 

= Tr {^U{g)X{s)). (V.61) 
In summary, we write Tr {'jU{g)X) as 

{xo, x,,...,Xn,g)^ = Tr (7t/(5)a;oe-^»'3' ■ ■ ■ x^e-^"^') . (V.62) 

(iv) Given < /i < 1, the expectation (V.62) satisfies 

\{xo,xi,...,Xn;g)J < mim^+^r ((n + l)77giobai)'^ ^fl ' {V.63) 
for constants 

mi = Tr (e-^^-'^)^') , m2 = 2r(77iocai)Af"^^"''«'°''^'^ ■ (V.64) 

(v) // all Xi e B{Ti), so ai — Pi — 0, i — 1,2, ... ,n, then 

\{xo,...,Xr.;g)J < ^Tr (e'^^) (^ft H^.nj • (V-65) 

(vi) The expectation {xq, Xi, . . . , Xn, g)^ satisfies the symmetries (IV.15-19). Thus, 

{xo,...,Xn;g)^ = {xff,...,xl;g)^^ = {x^o,...,xl;g)^ , (V.66) 
{xo,...,Xn;g)n = (xi''',xo,xi,...,Xn-i) (V.67) 



n 

n+l 

{xo,...,Xn;g)^ = J2{^o,---,Xj-i,I,Xj,...,Xn;g)^+i (V.68) 
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and if both {xo,xi, . . . ,Xj-i,Qxj,Xjj^i, . . . ,Xn} and {xq, xi, . . . , x^-i, x^-Q, Xj+i, . . . , a;„} are 
also a regular set of vertices for j = 0, 1, . . . , then 



dX;g\ = Y,{xo,x'l,...,x]_i,dxj,Xj+i,...,Xn;9) =0. (V.69) 

i=o 

Proof, (i-ii) We showed in Propostion V.3 i-ii, that s X{s) is Holder continuous from o"„ to the 
Schattcn class Ji. Using this bound, we infer that the Radon transform J^^X{s)ds exists on the 
unit hyperplane, and the integral and trace commute 

/ Tr {X{s)) d^'s ^ Tr ( f X{s)d''s) . 

This is also the case with X{s) replaced by TX{s\ for T e B{TC). In particular (V.59) holds. 

(iii) We evaluate Tr {-fU{g)X{s)) for s e an- With the notation (V.41), Tr {-fU{g)X{s)) = 
Tr {-fU{g)ToSo ■ --T^Sn). Each Sj is trace class, and for < // < 1, both e-^'^' and e-^^-^'^^ are 
trace class. Thus 

Tr {^U{g)X{s)) = Tr {yU{g)nSo ■ ■ ■T^Sr.e^^-^^-^^"^') 

= Tr (e-'^^"«%t/((?)ToS'o • • • T„-5„e'^^"«') 

= Tr {yU{g)e-^'-^' R'^'^xoR'^'So ■ ■ ■ T„i?-""i?-'^°e-(^-'')""^') . 

Here we use the fact that commutes with 7 and with U{g). Also, i?*^" commutes with Q^, with 
7, and with U{g). Therefore we can also cyclically permute R^" in the trace to yield 

Tr {-fU{g)X{s)) = Tr (jU{g)e-'''-^' R'^^xqR''^ So ■ ■ ■T„R-''-R-'^°e-^'-''>-^') 

= Tr (jU{g)e-^''-^\oR''°So ■ ■ ■ r„i?-""e-(^-'')^"'^') 

= Tr (7[/(^)e-'^^"^'xoe-^°«'xie-^i^'---e-^"-i'^'a;„e-M^"'^') . 

Since this is true for any /i in the range, Tr {■jU {g)X{s)) is independent of /x, and we have established 
(V.61). This completes the proof of (iii). 

(iv-v) Note that 

\{xo,x^,...,Xn;g)\ = |Tr (7f/((7)X)| < ||7t/(^)|| 

< / ||X(s)||i(i"s . (V.70) 

Jan 

Thus the bounds (V.63-65) are established by integrating (V.38) over (7„, and using the definition of 
Bn, see (V.20). Note that rjj < 1, and T{r]j) is monotonic decreasing on (0,1). Thus T{r]j) < r(77iocai)- 

(vi) The symmetries (V.66, 67, 69) can be established as the corresponding symmetries for 
Tr {'yU{g)X{s)), expressed as (V.60). Then we integrate over (7„. In the case of (V.68), we follow 
the argument in §IV leading to (IV.22). 
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V.5 Interpolation Spaces 

In this section wc define certain Banach algebras Zf3,a consisting of operators b e B{Ti.) with a 
bounded fractional derivative. We call these spaces interpolation spaces. These spaces are a natural 
framework for the study of the JLO cochain, and in §VI we introduce algebras 21 C Z/^^a to study 
TJLOonC(2l). 

As in previous sections let Q = Q* with domain V = Hi G H, and let R = {Q"^ + /)-V2. We 
say that b has a bounded derivative of order a > 0, if 6 is a bounded linear transformation on Ha- 
In other words, the form R~°'bR°' defines a bounded element of B{H), which we denote 

R-'^bR'' e B{n) . (V.71) 

In the notation of §V.2, b e T(q;, a). Let us define as BiTi) fl T(q;, a) with the norm 

= (ll&ll + ■ (V.72) 

lib ^Za-i then as a blinear form on V^. x "Dq,, 

{R-'^g, bRV) = {g, R-'^bR^ f) (V.73) 

and 

(i?-"^7,6i?"/)| = 11^^1111/1111%^. (V.74) 

Since Q is self-adjoint, e V ((i?"")*) = It follows that if a, 6 e 5a, then ab e 5a and 

\\ab\\2^ = \\ab\\ + ||i?-°ai?°i?-"6i?"|| 

< ||a||||6|| + ||i?-"ai?"||||i?-"6i?"||<||a||3J|%„. (V.75) 

Thus 3a is a Banach algebra. 

It is useful to characterize fractional differentiability not by the property (V.71), but rather by 
some properties of db = Qb — b'^Q. The reason is that the expression db arises in the geometric 
interpretation of 21, as studied in §IV. 

We now define such a family of subalgebras of 5i-/3j which we denote by 5/3,q C Zi-p- Let 
< and < a + j3 < 1. IffeG B{1-1), then b G Zf3,a if db G T{—f3,a). In other words, ^0,0 
consists of elements b of B{7i) such that (in the notation of §V.3) db is a vertex of type (/3, a). We 
give Zi3,a the norm 

\\^h0,c = M + Ca+l3\\db\\(-0,a) 

= \\b\\+Ca+f3\\R"dbR''\\. (V.76) 

Here we define for < // < 1 by 

roo 

= sup 26 (1 + t-y/^{l + t)-^-^^-''^/^dt . (V.77) 

0<<5<1 -^0 
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Note that is greater than the 6 = 1 value in (V.77), which in turn is monotonic in /x. Thus 

C;. > 2 / t-V2(i + = 27r > 1 . (V.78) 

t/ 

Also diverges logarithmically as y 1. 

Proposition V.5. Let <a,f3 and < a + f3 < 1. Then 

i) 3/3,a C for all 

0<5<1-P . (V.79) 

In this case 

ii) Let 6 satisfy —{1 — a) < S < 1 — (3 . Then 

Zp,aClT{5,5). (V.80) 

Furthermore, 

\\b\\^s,s) = \\R-'bR'\\ < \\b\\ + ^c.+/3|M6||(_^,.) < . (V.81) 



iii) If a ^ 2f3,a, then a G T(— /?, — /?) nT(a,a). ^4/50 ifa,b& Zi3,a, then both {da)b and a{db) are 
elements ofT{—P,a). Also 

||(cia)6||(_^,„)<|Ma||(_^,„)||6||(„,„) (V.82) 

and 

\\a{db)\\-/3^a) < ||a||(-/3-/3)||ci6||(-,3,a) ■ (V.83) 
CoroUairy V.6. Let a,b E Zi3,a, "UJith < a,P, and a + P < 1. Then 
(i) Leibniz Rule: The relation 

d{ab) = {da)b + a^{db) , (V.84) 

is an identity of elements in T{—(3, a), namely between vertices d{ab), [da)b, and a'^{db) of type 
03, a). 

ii) The space 5/3,a is a Banach algebra, so 
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For t > 0, introduce the operators R{t) = (Q^ + (1 + and R = R{0). Then the spectral 

theorem ensures that for > 0, 

\\R{t)''\\ < {1 + ty^"/^ , \\R-''R{t)''\\<l , and \\QR{t)\\<l . (V.86) 

We use a standard representation for i?'', < < 2, which is a consequence of the Cauchy integral 
theorem applied to the function z^^^"^, namely 

^,^sin(^ .oo 

TT Jo 

Proof of Proposition V.5 and Corollary V.6. (i) Wc estimate the norm of 6 G Zf3,a- Let 

V2 = V{Q^) = Range{R{tf). On the form domain V2 x V2, and for < 5 < 1 - /3 we write 

\\bhs = ll^-ll + \\R-'bR'\\ < m + \\R-%R']\\ ■ (V.88) 
We now study R-^[b,R^]. Using (V.87), 

, = rrm^l,^Ritf]dt . (V.89) 

TT JQ 

On V2 X P2, 

[h,R{tf] = R{tf[R{t)-\h]R{tf 

= R{tf{Qdb + db^Q)R{tf. (V.90) 

Here b'^ — 767, and (db)'^ — —dW. Hence 

^S. ^ sin(7r5/2) /- ^-5/2^-5^(^)2(g^^ ^ db^Q)R{tfdt . (V.91) 

TT JO 

Wc can bound (V.91) using (V.86). We use the following to estimate the first term on the right of 
(V.91), 

\\R-^R{tfQdbR{tf\\ < \\R^R{t)^QR-^\\\\db\\^_p,^)\\R-''R{ty\\ 

< (l+t)-(^-^-^)/^(l+t)-(^-'^)/^||d6||(-;3,a), 

(V.92) 

provided 6 < 1 — P, and a < 2, as assumed in (V.79). Furthermore dW = —{db)^, and the unitarity 
of 7, along with ^yR — R'j ensures that for all (p, q), 

Wdb-'WM = \\db\\M ■ (V.93) 
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We therefore estimate in a similar fashion the second term on the right of (V.91) namely 

\\R-^R{tfdb^QR{tf\\ < (1 + i)-(2-5-/3)/2(i + , (V.94) 

provided P + 6 < 2 and a < 1. But /3 + 5 < 1 by (V.79); also < a, P and a + P < 1 ensures 
a <1. Hence (V.94) does hold. 

Using (V.92, 94), we bound (V.91). There are two similar bounds for the two terms in (V.91). 
We also use sinx < x for < x < 7r/2. Thus 

\\R-'[b,R']\\ < 6 r^/2(l + t)-^-(^-'^-WW^^||^5||^_^^^^ 

t/ 

< \c^+4db\k-p,a) . (V.95) 

Here Ca+s is defined in (V.77), and is relevant since both < a + P < 1 and 0<S<1 — P<1. 
Hence we conclude that b & for < 6 < 1 — p. 

To estimate the norm using (V.88) we have 

\\bh, < 2\\b\\ + \\R-%R']\\ 

< 2||6|| + ic„+;,||rf6||(_^,„) 

< nbh,,.- (V-96) 

This completes the proof of that 5/3,a C ^5, and hence of part (i) of the proposition, 
(ii) We have also proved part (ii) in case < S < 1 — p. In fact 

||6||(,,,) = \\R~W\\<\\b\\ + \\R-%R']\\ 

< m + lc^+p\\db\k-p,a)<\\bh^^^. (V.97) 

Thus to complete the proof of (ii), we need to verify the case a — 1 < 6 < 0. In that case, we show 
equivalently that b e T(— 5, —S) for < 5 < 1 — a. Thus we need to verify that R^bR~^ is bounded. 
Write 

R^bR-^ = b+[R\b]R-^ 

= b - r t-"^R{t)\Qdb + db'^Q)R{tfR-'dt . 

TT Jo 

(V.98) 

Now we use the estimates (V.86), which yield 

\\R{tfQdbR{tfR-'\\ < (1 + i)-^-(i-'^-^)/2+5/2||^j,||^_^^^^ ^ (y_99) 
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as long as both /? < 1 and a + 6 < 2. Since we assume < a, [3 and a + /? < 1, it follows that 
P < 1. Also a < 1, and since < 5 < 1 — a, we infer that a + S < 1. Thus both conditions are met 
and (V.99) holds. Likewise 

\\R{tfdb^QR{tfR-'\\ < (1 + t)-^-"/2+7/2||^^||^_^^^^ ^ (V.lOO) 
if both P <2 and a + S <1. Both these conditions also hold. Thus from (V.98-100) we infer that 

poo 

\\R'bR-^\ ^ \\b\\^^s,-s) < \\b\\+S r^/2(l + i)-^-(i-('^+^))/2+^/2di||d6||(_;j,„) 

•/ 

< + ic„+^||ci6||(_;,,«) . (V.lOl) 

Hence b e T{-S, -5) and (V.80-81) hold as claimed. 

(iii) Let us assume a e Zi3,a- Then from (ii), and the restrictions < a,P and a + (3 < 1, we 
infer 

aeT{-P,-P)nT{a,a) . (V.102) 
Thus we can estimate {da)b as a map from Ha to Ti-i3 as 

||(cia)6||(_^,„) < |Ma||(_^,„)||6||(„,c«) , 
showing (V.82). Likewise, since 7 commutes with Q, 

||Qi^||(-/3-/3) = l|a||(-/3,/3) , (V.103) 

and 

h''{db)\\{-p,a) < ||a^||(-/3,-/3)|M&||{-/3,a) < ||a|| , (V.104) 

which is (V.83). We therefore conclude that {da)b and a'{db) are both elements of T(— /?,«). This 
completes the proof of the proposition. 

To establish the corollary, note 6 e T[a,a), Q G T{a — l,a) and a? e T(q; — l,a — 1), according 
to (V.80). Therefore a'Qb e T{a — 1, a). The important conclusion here is that a'Qb is defined as 

a scsquilincar form on 7i x 7i with some domain; in fact the domain is X'l-a x Da- But (3 <1 — a, 
so l^i-Q, C 1^/3, and "Pi-q x C x "D^, which is contained in the domain of {da)b and a'{db). 
Furthermore Qab and {abyQ are both forms on the domain T>ixT>i C I^i-a x ^^a- Thus on T>ixT>i, 
we have the identity 

d{ab) = Qab-{abyQ 

= Qab-o?Qb + a<Qb-a'b^Q 

= {da)b + a\db) . (V.105) 
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However, by Proposition V.S.iii, each term on the right side of (V.105) extends by continuity to 
Vp xVa- Thus d{ab) also extends by continuity to this domain, and the identity (V.84) holds in 
T{—P, a). We have therefore demonstrated the Leibniz rule (V.84) as an identity on T(— /3, a). 

Finally we estimate 110^*11;}^^ for a, 6 e ^p^a- Using (V. 81-84), and the definition (V.76) of the 
norm on Z)3,a, we conclude 

ll'^^b^.a = ll'^^ll + Ca+/3|M(a&)||(-/3,a) < \\H + C^+fS (|| (rfa)6|| + ||a(d6)||(_^,a)) 

< ||a|| ||6|| + Ca+p\\da\\^^p,a) (\\b\\ + ^Ca+p\\db\\^^p^a)j 

+Ca+/3||rf6||(_/3,a) (j\a\\ + ^Ca+/3\\da\\(^_p^a)^ 

= {\\a\\+c^+f,\\da\\^_p,^)) {\\b\\+ca+p\\db\\^_p,^)) = ||a||3^ J|6||5^^^ . (V.106) 
Thus ^i3^a is a Banach algebra, and the proof of the corollary is complete. 

V.6 Generalized Schatten Classes 

In §V.4 we introduced the spaces T(p2,P2) of generalized functions as bounded, linear transforma- 
tions from Tip^ to Tip.^. It is convenient to introduce subspaccs of T{p2,pi) which are Schatten Ip 
classes, with T{p2,pi) being the I^o case. We measure Ip size in terms of the Schatten norm (V.17). 
We say R^^'^xR^^ G Ip, if the bilinear form R^^'-'xR^^ uniquely determines an operator in i3(7i) 
which belongs to the Schatten ideal Ip. Thus for I < p, define the generalized Schatten class 

^(P2,pi;p) ^{x:xe T{p2,pi) , R-P'xRP' e Ip} . (V.107) 

Let T{p2,pi;p) be a normed space with norm 

\\x\\T(p,,n;p) = WR-^'xR^'Wi^ . (V.108) 

The norms T{p2jPi;p) satisfy a Holder inequality, as a consequence of the inequality (V.18) for 
Schatten class Ip norms. 

Holder Inequality: Let Xj e T{aj, aj+i;pj), j = 0, 1, . . . , n, where 1 < pj, jyj^^pj^ — p~^ < 1. 
Then XqXi • • • x„ G T{ao, an+up) and 

n 

\\xoXl • • •Xn||r(ao,a„+i;p) < H \\^j\\T{aj,aj+v,Pj) (V.109) 

i=o 

Using the results of §V.5, we arrive at certain relations between 5/3,a and T{—(3, a;p). 
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Proposition V.7. Let Q = Q* and e "'^^ G h, for all s > 0. Let b e 5/3,a for < a,P, and 
0<a + P <1. Then 

(i) 

QdbeT{-(3 -l,a) , db^Q e T{-p,a + 1) , (V.llO) 

and 

d% = Qdb + {db^)Q = [Q^, b] e r(-/3 - 1, a + 1) . (V.lll) 

(ii) For < s, as a form on Hoo x "Woo; 

[b, e-*«'] = r e-"^"d%e-^'-'^'^"dt . (V.112) 

^0 

Both sides o/ (V.112) also define operators in B{7i). 

(iii) For < e < s, define 

H, := J^'~\-'^"d%e-^'-*^^"dt e T{a, -(3; s'') . (V.113) 
Furthermore, as e, e' — > 0+, 

||i/,-i/,,||r(a,-/3;.-i)^0. (V.114) 

r/ie corresponding limit Hq — \im^_^Q^ is (V.112). Thus 

[b, e-'^'] e T{a, s'^) . (V.115) 

(iv) Let < II < 1, and let 

M = M{a,p,fi,s) 

= 4/x-"-'^-^Bi((l -a- (3)/2, {2- a- (3)/2)) (Xr (e-(^-^)«'))'' . 

Then 

ll[^e-«1||r(a,-/3;.-) < M.^("+^)||6||3^^ . (V.116) 

Proof, (i) Let T>2 = D{Q'^). The identity (V.lll) can be established on the domain T>2 x T>2, where 

- bQ^ = Q{Qb - b^Q) + (g6^ - bQ)Q = d{db) = d% . 

This can be written d% — Qdb + {dW)Q, which is the algebraic relation (V.lll). Since b G 5/3,a, in 
particualr db e T(-/3, a). Hence gdfe e r(-/3 - 1, a) C T(-/3 - 1, a + 1). Also dfe^ = -(d6)^ e 
T{-P,a). Thus dft^Q e r(-/3,Q;+l) C r(-/3-l, a+l). Hence the domain inclusions (V.llO-111) 
hold. 
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(ii) As a form on Ti^o x Tioo, and using (V.110-111), we infer that 

[6, e-^'?'] = -e-*«'6e-(^-*)«' = e'"^" d^e-^'-'^"^" dt . (V.117) 

Thus (V.112) is an identity for sesquihnear forms. The left side is an element of B{H), and therefore 
so is the right side. 

(iii) As e~*'3^/2 is trace class and d'^b G T{—(3 — 1, a + 1), clearly e~^^^ d'^be~^^~'^^^^ is trace class 
for < t < s. Furthermore, using Holders inequality on 

with exponents t~^, oo, {s — t)~^ respectively, we see that 

< 4/x-5-(-+'5)Tr [e-^'-^^^'^y [r^^'+^+'y^s - t)-("+^)/2||i?-"gci6i?-'^||(_«_^_i,„+^) 

+t-^-+m^s - t)-^'^+^+'y^R-'^{db^)QR-%_^_p,,+^+f,)) . (V.118) 

Here we have used (V.110-111) as well as (V.28). Note 

\\R-"QdbR-''\\^^a-P-l,a+fS) < , (V.119) 

and 

\\R-''idb'')QR-f'\\^-a-P,l+a+P) < |M&||{-/3,a) ■ (V.120) 

Thus integrating (V.118) and using (V.20,24) we obtain 

\m\ri.,-f,;s-^) < 4/.-^("+/^)s^("+^)Si((l -a- /3)/2, {2- a- (5)/2) (lY (e-^'-^^^'))' \\db\\ . 

(V.121) 

This shows that G T(q;, — s^^) and the bound on ||-f^e||r(o,-/3;s-i) is of the form (V.116), 
uniformly in e. We now establish convergence of in this norm. In fact for e' > e, the expression 
iff — H^> is just the integral (V.112) restricted to the intervals t G [e, e'] and i G [s — e', s — e]. We 
therefore obtain the bound 

\\H, - H,\\na,-P;s-^) < o(l)/.-I-("+/^)5-("+^+^)/^ , (V.122) 



as e, e' — > 0. Thus we have estabhshed the convergence as e — > 0+ of in T(a, — /3; s ). Since 
Hq is equal to [b, e~^^ ], as we saw in (V.112), we have the bound (V.116) also for the hmit. This 

completes the proof of the proposition. 

We end this section with a useful corollary. 
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Corollary V.8. i. Consider the set X = {xo,xi, . . . ,Xn}- Let yj and Zj be elements of an 
interpolation space Zp,a, where < a, /3 and < a + /3 < 1. Suppose each Xj is one of the forms 

dyj, d'^Vj, Vjidzj), or {dyj)zj , (V.123) 

but where no two adjacent Xj 's are of the form d^yj. (Here we consider Xj and Xj+i adjacent, as 
well as Xq and Xn adjacent.) Then X is a regular set of vertices with respect to Q. 

(ii) Let X^'^ = {aQ,dai, . . . ,dan}, where aj G Zi3,a- Then there exist constants mi,m2 < oo 
such that the trace norm of the Radon transform X^^'^ , defined in (V.58), of X^^'^^s) satisfies the 
bound 

||ir 111 < m,mrV-^"+^^^"^^^/^ (^) ' Tr (e-(-'^)«^) U ||a,|b^^„ . (V.124) 



(iii) For /j, fixed, 

^l/2||^JLO||l/n < Q^^-(l-a-;3)/2) ^ (y_;L25) 

where {1 — a — (3) > 0. 

(iv) Let Qj e Z/3,a) O'lT'd define 

Xi = {oo, dai, {daj^i)aj, duj+i, , . . . , o?a„} , (V.126) 

X2 — {do, dai, . . . , daj-i, ajdaj+i, . . . , dan} , (V.127) 

and 

^3 — {O'O, dai, ■ ■ ■ , duj^i, d^Qj, duj+i, . . . , dan} ■ (V.128) 

Then 

Xi{s) - X2{s) = / ^3(50, • • • , Sj-2, t, Sj_i - t, Sj, Sn-l)dt . (V.129) 
t/ 

(v) After integration over s & an, 

Xi-X2^Xs, (V.130) 

or in terms of the expectations (V.58) 

{gq, dai, ■ ■ ■ , {dttj-ijaj, daj^i, . . . , da^, g)n-i ~ i^Oy dai, ■ ■ ■ , daj^i, ajdaj^i, . . . , dan', 9)n-i 

— (aQ,dai,da2, ■ ■ ■ ,daj^i,d^aj,dajj^i, . . . ,dan,g^ ■ (V.131) 

(vi) There are constants mi,m2 < 00 such that for < // < 1, 
. (2q, dai, • • • 1 daj, d aj, daj^i, • • • , dan', 9 



(V.132) 



/ 1 X l-(a+/3)/2 / n 
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Proof, (i) For y,z & 5/3,a, V £ ^(0, 0) and dy e a). Furthermore 

£y e T(-/3 - 1, a + 1), ydz e T(-/3, a) and (dy)z e T(-/3, a) . 

This is a consequence of the definition of :3/3,a and Proposition V.6. The most singular case occurs 
with [(n + l)/2] vertices xj = d'^yj, interspersed between vertices in T{—j3,a). (Here [ ■ ] denotes 
the integer part.) Thus with an even number of vertices (odd n) 

< r^iocai - %obai = (1 - a - (5)/2 . (V.133) 

In the case of an odd number of vertices, 

r^iocai = {l-a- (3)/2< r/giobai • (V. 134) 

In either case X is a regular set. 

(ii-iii) In the case that X — X^'^ , we have 

770 = 1-/3/2, 77,- = ^+( ^~^~^ j , j = l,2,...,n, (V.135) 

so 

mocel = ^ + — I — > ^ and (n + l)r?giobai = {n+ l)r?iocai + a/2 • (V.136) 

The bounds (V. 124-125) then follow from the bound (V.63) and the asymptotics of the F function, 
(iv-v) For s e (7„, -'^i(s) and ^2(5) are trace class. Also 

Xi(s) - ^2(5) = a^e-'^'^^dai ■ ■ ■ e-'i-'^^daj_i[aj, e-'^-'^']daj+ie-'^^'' 

X ■ ■ ■ dane-'"-'^\ (V.137) 



Using Proposition V.7.iii-iv, the commutator in (V.137) is an element of T{a, — /3, Sjli), with norm 
bounded by Ms]li"^'^^\\aj\\^^ ^. Therefore 

daj_i[aj, e~^^-^^']daj+i e T{-/3,a;sj\) , 

and 

\\daj-i[aj, e"'^-^^V«i+l|lr(-/3,a;s-_\) < \\daj-l\\r{-p,a;oo)\\[aj, e"'^-'^']||r(a,-/3;.-_\)IM«i+l|k(-/3,a;oo) 

< M.):/^^^) n ll%b.,. • (V.138) 
k=j-i 
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On the other hand, Proposition V.7.ii shows that 

^0 

xduj+ie"^^^^ ■ ■ ■ dune"^''-'^^^ ■ ■ ■ dune"^''-'^^^ dt 

= / X3{so,Si,...,Sj-2:t,Sj-i-t,Sj,...,Sn-l)dt , (V.139) 
%f 

which is (V.129). Integrating over (T„_i yields (X.130). The bound (V.132) then follows by an 
analysis of ||X3(s)||i similar to the proof of (V.124). 

VI Cocycles 

Throughout this section take 21 to be a subalgebra of an interpolation space Z/s.a introduced in §V.5. 
We begin this section by showing the r"""^ extends in this case to be an element of C(2t), including 
the formula for the pairing with a root of /. We define define a fractionally-differentiable structure. 
Finally we show that r^^° is a cocycle. These facts are prehminary to the next section where we 
show that the pairing is actually a homotopy invariant. 

VI. 1 The JLO-Cochain Extends to Interpolation Spaces 

In this sub-section we extend the JLO-cochain from the framework in §IV where the space of 
cochains C(2l) live over an algebra 2t of diffcrcntiablc functions (i.e., da G BiTi)), to the case that 
21 is contained in one of the interpolation spaces 5/3,a- Thus a G 21 will have a fractional derivative 
of order 1 — (5 and da G T{—P,a) will be a generalized function. We require 

21 C Z(3,a for some <a,(3, and < a + (3 < 1 . (VI. 1) 

We also require that the norm ||| • ||| on 21 satisfy 

< lll«lll ■ (vi-2) 

Otherwise, we retain the basic hypotheses of §IV. The Hilbert space Ti is Z2 graded by 7 and 
carries a continuous unitary representation U{g). We assume that Q — Q* commutes with U{g) 
and Q'-f + 7(5 = 0. We assume that cxp{—j3Q'^) is trace class for all f3 > 0. We assume that 21 is 
pointwise invariant under the action of 7, and invariant under the action of U{g), U{g)WJ{g)* C 21. 

Definition VI. 1. We call the quintuple 

{H,Q,7,f/(^?),2l} 

satisfying the above hypotheses a O-summable, fractionally-differentiable structure. 
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Proposition VI. 2. Let {T-C,Q,'~f,U{g),'Qi} be a Q-summable, fractionally- differentiable structure. 
Then T^^^'^ G C(2t). There exist m < oo such that 



11^ JLO 



1 , r l-a~0 



<m"+M^ Tr (e-«'/2) . (VI.3) 



Proof. For aj G Z/3,a, we have already established in Corollary V.S.ii, with /i = that X^^^ is 
trace class with trace norm bounded by 

Since HojH^^^ < IWjlh we conclude that r;J'"° is defined on St"""*"^ and that |||r;J'"°||| satisfies (|VI.3|) . 
Since a + (3 < 1, this entails the "entire" condition ni/2|||^JLO|||i/n _^ q rjj^^g ^jlo ^ (-(^^t). 

Having extended the notion of t'^^'^ to a fractionally-differentiable structure, we now observe 
that the pairing (r'^^'^^a'j has the same representation as in the differentiable case. 

Corollary VI.3. Let {Ti, Q, 7, U{g), 21} be a Q-summable, fractionally-differentiable structure. Let 
a G Mat„(2l®) satisfy = I . Then 

3Q(a; g) = (r^LO^ a) = ^J" e-*'Tr [^U{g)ae-^' dt . (VI.4) 
Here Tr denotes both the trace on H and the matrix trace in Matm(2t), in case m > 1. 



VI.2 The JLO-Cochain is a Cocycle 

Proposition VI.4. Let Q, 7, f/((y'), 21} be a Q-summable, fractionally-differentiable structure. 
Then the cocham r^^'^ G C(2t) is a cocycle for d, namely 

dr^^^ = . (VI.5) 



Remarks. 1. The cochain r'^^^ was originally defined in [jT^, for the differentiable da G i3(7Y) 



where the cocycle condition was also established. This cochain has been investigated again in several 
different contexts, see [|12], [10], |2^, for example. Our presentation is self contained. 

2. The only known cocycles for C(2l) are elements [r'^^'-'], where 

^JLO ig 

defined by some Q. (Here 

Q gives rise either to the 0-summable case considered above, or to the class of cochains satisfying the 
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KMS-condition. See |18|, [T9[ for this extension, applicable in the differentiable case.) Taking the 
larger space of cochains T'(2t) D and the corresponding coboundary operator d, Connes earlier 

gave another cocycle r*^, see [Q. This cocycle is convenient because it satisfies a "normalization" 
condition, central to Connes' analysis of pairings of cocycles in X>, and also used by him in other 
studies. Furthermore, Connes showed that any cocycle r G is co homologous to a normalized 

cocycle in T>. The cocycle is determined by an operator F satisfying = I and F7 + 7F = 0. 
With T'^^'~' the cocycle determined by Q, and with r*" the cocycle determined by an appropriate 
F = F{Q), Connes has shown |^ (for the differentiable case) that r*" and t'^^'^ are cohomologous. 
In other words, there is a cochain G eT> such that t'^^'^ = + dG. 

On the other hand, cocycles in C(2t) are not normalized in Connes' sense. As discussed in §111, 
by working with the cochains C(2l) we avoid the need to consider this normalization. Furthermore, 
a pairing can be defined for all cochains in C(2l), rather than just for cocycles. The importance of 
pairing a cocycle then rests on the pairing yielding an invariant, as dicussed in §VII. 

Proof. It was shown in (IV.25) that if a = /3 = 0, then evaluated on 21, t^^+i = 0. By the 
symmetry (V.66), this extends to 21 C Zi3,a- Hence to estabhsh the cocycle condition in C(2t), it is 
sufficient to show that for all odd n, 

Brif, = -br^"!^ = {dao, . . . , cia„; g) . (VI.6) 

By Corollary V.8.i, the right side of (VI.6) is a well-defined expectation. We prove below that for 
n odd, 

(5r;J+°) (ao, ...,an;g) = T^^{daQ, ai, . . . , a^; g) , (VI.7) 

and 

n 

(hT^r^'l) (ao, . . . , a„; ^) = ^(-1)^"^^ °(ao, Oi, . . . , da,-, . . . , a„; ^) . (VI.8) 

i=i 

Starting from the definition (11.19) of B, and the symmetry (V.67), Br^^^ equals 

n ^ 

{Brn+'^) (flo, ...,an;g) = J^i-^Y '^«n-i+i, ---^dal \dao, . . . , dan-f, g) 

j=0 

n 

~ ^ ('^'^05 • • • 5 dttn-ji I, dan-j+i, . . . , da^, g)n+i 

j=0 
n+1 

= ^ {dao, • • • ; daj_i, I, daj, . . . , da^, g)n+i 
= {dao,...,dan;g)n- (VI. 9) 

In the last step we use (V.68). This establishes the first part of (VI. 9). 
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On the other hand, recall (II. 9), 

(^(0)t^^?) (ao, . . . , a„; gr) = {aoQi, da2, . . . , rfa„; g)n-i 
Likewise for 1 < r < n — 1, 

(V{r)r^^^^ (ao, ...,an;g) = (-1)'' (ao, dai, da^-i, d{arar+i), dar+2, dan+i, g)„ 

= (-ir( 

ao, . . . , drddr+li dar+2i ■ ■ ■ ) dttn', g)n-l 

+ (-l)''(ao, rfai, . . . , {dar)ar+i, dar+2, dan, g)n-i ■ (VI.IO) 

Note that here we have expanded the vertex d{arar+i) G T{—P, a) into the sum of two vertices 
{dar)ar+i and ar{dar+i), each of them in T{—P,a). This is justified in Corollary V.6.i. Also for 
r — n, using (V.67), 

(v{n)T^h^^ {ao,. . . ,an;g) = (-1)" (^af, \o,dai, . . . ,dan-i; g)^_^ 

= (-l)"(ao,(iai, . . . , ((ia„_i)a„;5f)„_i . (VI.ll) 

Thus 

(br^^^^ (ao, ...,an;g) = (aoai, da2, . . . , da^, g)„_^ - (ao, airfas, . . . , da^, 

n-1 

+ E(~l)'^ (("0, ■ ■ ■ , (dar)ar+i, dar+2, daf, g)^_^ 

r=l 

— (ao, . . . , dar, ar+idar+2, ■ ■ ■ , dan', g)n-i) 

n-1 

= J^i-'^y ((^o,dai,...,d'^ar+i,...,dan;g) ■ (VI.12) 



r=0 



The final identity in (VI.12) involves combining terms using Corollary V.8.v. Hence using (V.69) 
we have 

(^'^n-i ) («o, ■■■,an;g) ^ -{dao, dai, da^, g)n , (VI.13) 
completing the proof of (VI. 8), and hence the proof of (VI. 5). 



VII Homotopy Invariants 

VII. 1 The Main Result: JLO Pairing is Invariant 

In this section we consider the pairing of a family r"''"^(A) of cocycles with a square root a of /. 
These cocycles arise from a family of non-commutative, fractionally-differentiable structures on 21. 
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The advantage to pairing r"'^'-*(A) with a G y\.aXm{^^) rather than to pairing an arbitrary family 
of cochains t(A), is the fact that the pairing function (given in various forms in III. 11, 28, 29, and 
31) namely 



is a constant function of A. Hence we obtain an invariant, and we call the continuous variation in 
A a homotopy. In other words, each (|r('^*-*,p^ is a homotopy invariant. 

Our basic result is to give conditions that are sufficient to prove that t'^^^{X) is continuously 
differentiable in A. Under these hypotheses, the pairing function (T'^^'^(X,a^ is actually constant. 
This invariant is in general not integer valued, but may be in certain special cases. 

In particular we assume that the A-dependence of t''^°(A), and hence that the pairing of 
(r'^^'^ (X) , , arises from the A-dependence of Q{X). Here Q{X) generates t'^^'^{X) as described 
in §IV, and the parameter A lies in an open interval A = (Ai,A2) C M. Our operator Q{X) is a 
self-adjoint operator on 7i, and we suppose that Q{X) has the general form 

Q(A) = Q + q{X) . (VII.2) 

We regard Q = Q* as defining a basic t'^^'^, and q{X) as providing a deformation of Q and a 
perturbation r'^'"°(A) of t'^^'^. 

Let us state the main result of this section. 

Theorem VII. l.i Let {H, (5(A), 7, U{g), 21} be a regular family of Q-summable, fractionally differ- 
entiable, structures as defined in § VII. 3. Then the corresponding family of JLO cocycles {t'""^(A)} is 
continusouly differentiable as a function A C(2l), and there is a continuous family {h{X)} C C(2l) 
such that for all A e A, 

J^r^^°(A) = aMA). (VII.3) 

(ii) The function g — >• t''^°(A) is continuous function of g e from to C(2l), uniformly for X 
in compact subsets of A. 

An immediate consequence of the fact that dT^^^{X)/dX = dh is the invariance oi3^{a;g). In 
particular, continuous differentiability of t''^*^(A) ensures, c.f. Proposition HI. 6, that the pairing 
T'^^'^(X),a^ is also a continuously differentiable function. Hence 

^(rJ^O(A),a) = (9/i(A),a) = 0. (VII.4) 

Wc established in Proposition III.l the vanishing of the pairing function defined in (VI.4) on 
coboundaries. Thus we have 
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Corollary VII. 2. i For a regular family of non- commutative structures, the JLO-pairing 
r'^^^(A),p) is constant. For Ai, A2 G A, 



3«(a; g) = (rJ^O(Ai), a) = (r^^^lA^), a) . (VII.5) 

Furthermore 

where H = H{Xi, A2) = J^' h{X)dX. 

(ii) In addition (VII.5) is a continuous function of g. 

The considerations in this section are both algebraic and analytic. While the former are uni- 
versal, the latter are crucial. Hence the relevant analytic groundwork has already been prepared 
in 5V. The invariants do take different values for a given 21 and a given a. In fact, even 

a bounded, different iable family g(A) requires work to establish the continuous differentiability of 
^JLO^^^ The work is not that much greater for the class of regular perturbations which we consider 
here and which include a wide variety of interesting examples. Sections VII. 2-5 are devoted to a 
precise formulation of a regular deformation and to the proof of this theorem. In the literature there 
are special cases of this result, for example |]T0|, but there is no general and easily verifiable condi- 



tions on g(A), like the one we give here, which result in a homotopy. In fact, the differentiability of 
r'^^*-'(A) was never completely analyzed, even for bounded perturbations q{\). 



VII. 2 Regular Linear Deformations 

In this subsection we outline a class of regular linear deformations {7i,Q{X) , 7, f/(5'),2t} of the 
JLO cochain r''^'^ defined for a particular {7i, Q, 7, U{g), and 21}. We denote the family of Q's by 
{<5(A)} and the family of cochains by r'^^'-'(A). These families depend on a fixed 7i, 7, U{g), and 21. 

We first compile a list of assumptions. 

a. The Starting Point. The undeformed problem is given by the structure introduced earlier in 
§V.7. It is defined by a self adjoint Q = Q* with domain V, acting on a Hilbert space Ti. The heat 
kernel exp(— /JQ^) is assumed to be trace class for every /3 > 0. There is a Z2 grading 7 on 7^ for 
which Q7 + 7Q = 0. There is a continuous, unitary representation U{g) on 7i of a compact Lie 
group 0, and U{g)Q = QU{g). There is a Banach algebra of observables 2t, with 

21 C 5/3,. , (VII.7) 

and where Zi3,a is an interpolation space introduced in §V.5. We require that < a,(3 and < 
a + f3 < 1. We also require that the norm ||| ■ ||| of 21 satisfy 



(VII.8) 
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for all a G 21. Thus elements of 21 have < 1 — /5 fractional derivatives with respect to Q. We assume 
that the algebra 2t is pointwise invariant under the action of 7, namely = 707 = a for a G 21. 
Furthermore 21 is invariant under the action of U{g), namely = U{g)aU{g)* G 21 for a G 2t. This 
structure defines a JLO cocycle r'^^^ and a non-commutative, fractionally-differentiable, structure 
{n,Q,^,Uig),Qi}. 

b. A Family of Regular Linear Perturbations. A family of regular deformations of {H, Q, 7, U{g), 21} 
is defined by a family g(A) of regular perturbations of Q on the space Ti. Let q denote a symmetric 
operator on 7i with domain V. We suppose there are constants < a, M < 00 such that on the 
domain V x V, 

q^ < a^Q'^ + . (VII.9) 

In other words, g is a bounded map from the Sobolev space defined in §V.2, to 7Y_i. We 
define the family {q{X)} of regular perturbations^ parameterized by real A, and the family {Q(A)} 
of perturbed operators, by 

g(A) = Ag , and g(A) = g + g(A) . (VII.IO) 

The linearity of g(A) in A is the linearity in the sub-section title. Here A belongs to a bounded open 
interval A, 

A G A = (— /i, /i), and < /i < a^^ . 

In addition to the bound (VII.9), we will need another bound: for some < e < 1, 

\\R^-'qR'\\ + \\R'q{\)R^-'\\ < 0(1) (VII.ll) 

where R = (Q^ + /)~^/^. If g(A) is essentially self-adjoint on T), then (VII.ll) follows automatically 
from (VII.9), in fact for all < e < 1. Howerver, if g(A) is not essentially self-adjoint on V, we also 
assume (VII.ll) for some < e. 

c. Symmetries. We assume that 7 and U{g) of Assumption (a), also are symmetries of {Q(A)} in 
the sense that 

g(A)7 + iQiX) = , Uig)QiX) = Q{\)U{g) (VII.12) 
for all A G A and for all (7 G 0. Of course this is ensured by 7g + 57 = and U{g)q = qU{g). 

d. The Algebra 21. We assume that the algebra 2t C is independent of A. It is necessary that 
for a G 21, the differential dxa, as A varies, remains in 5/3,^. Thus we require that the norm ||| ■ ||| on 
21 satisfies 

|||a||| > ||a|| + sup ||rfAa||(-/3,a) 
AeA 

^The condition (VII.9) ensures < a||Q/|| + M||/||, a condition introduced by T. Kato to study Q + q, see 

. The relevant case a < 1 corresponds in our present case to the bound /la < 1 of (VII.9). If < a may be chosen 
arbitrarily small (which may require M{a) large), then q is said to be infinitesimally small compared with Q. In that 
case /i may be chosen arbitrarily large. 
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for some a, (3 where 

0<q;,/9, q; + /3<1. 
Since A is an interval [— /x, /x], this is ensured by 

da e T{—P, a) and [q, a] e T{—(5, a) . 

Definition VII. 3. A family (5(A)} of operators satisfying Assumptions (a-b) are a regular 
(linear) Q-family. A family {H,Q{X),'j,U{g),^} which satisfies Assumptions (a-d) is a regular 
linear family of Q-summable, fractionally-difjerentiable, non- commutative structures. 

Remark. We generahze the notion of a regular family in §VII.3, replacing linearity by an additional 
assumed estimate. 

Proposition VII.4. Let {Q{X)} denote a regular (linear) Q-family. Then 

a) For each A e A, Q{X) is self-adjoint on the domain V. 

b) There are constants Mi, M2 < 00 such that 

Q'' < Ml{Q{\f + I) (V11.13) 
for all |A| < jj,. Here Mi = max{2, 2/xM, (I - /xa)-^ (I - jia)'^ jiM] . Also for all A, A' e A, 

q{\f < MliQW I) . (VII.14) 

where M| = Mf + {jJiMf. 

c) For all P > 0, and all |A| < /i, exp(— /3(5(A)^) is trace class and 

Tr (e-^«W') < e^Tr (e'/^O^A^r^^ _ ^yjj_;L5) 

For given (5, this hound is uniform for X in a compact subset of A. 

Corollary VII. 5. For A in any compact subset of A, the regular linear family {7i, (5(A), 7, U (gf), 21} 
determines a bounded family {t"''"°(A)} of JLO-cocycles on 21. 

Proof, (a) A symmetric operator Q(A) on the domain V is self adjoint if and only if for some a > 0, 
((5(A) ±ia)V = Ti. This is the statement that the resolvents ((5(A) -^ia)~^ exist and arc bounded. 
By the spectral theorem for Q = Q*, we infer \\{Q ± ia)~^|| < and ||((5(Q =t ia)~^|| < 1. Thus 
(YI.4) ensures that for all A e A, 

||g(A)(g ± ia)-^\\ < {^xaf + {^xM/af . 
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Assumption (b) ensures |A|a < /xa < 1. Thus \\q{X){Q ± ia) ^\\ < 1, for a sufficiently large, 
uniformly in A G A. It follows that the series 

oo 

{Q ± ia)-' E ± (VII.16) 

n=0 

converges in norm. This is {Q + q ± ia)~', as can be verified from the series expansion. Since the 
domain of (V11.13) is 7i, the range of (Q + ? ± ia) is 7i. The range of {Q ± ia)~' is V, so the 
domain of Q + q ±ia is contained in T>. However Q + q ± ia is originally defined on all of T>, so 
that is its domain. 

(b) Remark that (VII. 14) follows from (VII. 13), using (VII.9). In fact 

g(A)' < {\a)^Q^ + {\M)^<iXa)^M^iQi\')^ + I) + {XM)^ 

< ((/ia)2M2 + (^M)2) (g(A')' + /) 

< (Mf + (/xM)2)(Q(A')' + /) . 

So now wc establish (VII. 13). On the domain T> x T> for sesquilinear forms, it follows from the 
Schwarz inequality that for any e > 0, 

± (q(X)Q + Qq(X)) < eQ^ + ^q{X)^ . (VII.17) 

Thus onV xV, we infer from (VII.17) and (VII.9) that 

Q' = (Q(A)-g(A))2 = g(A)2-g(A)2-(g(A)g + gg(A)) 

< g(A)2 + eg2+Q-l)?(A)2 

< g(A)2 + + (Aa)2 Q - i)) g^ + (am)^ Q - l) . (VII.18) 

Case 1. |A|a < 1/2: In this case choose e = 1/2 in (VI.18). Then e + (Aa)^ (7 - l) < |, so 
collecting the terms in (VII.18) gives 

< g(A)' + (AM)2 < g(A)2 + (/iM)2 . (VII.19) 

Hence (VII.13) holds with Mi = 2 max{l, //M}. 

Ceise 2. I < |A|a < //a < 1: In this case choose e = |A|a in (VII.18). Then the coefficient of g^ in 
(Vn.l8) is 1 - e - (Aa)2 (i - 1) = (1 - |A|a)2 > (1 -//a)^, and (7 - l) < 1- Thus (VH.18) ensures 
that 

(1 - //a)2g2 < g(A)2 + A'M^ < g(A)2 + f/M^ . (VH.20) 
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Thus (VII. 13) holds with Mi = (1 — fia) ^ max{l, fiM}. Thus in both cases, (VII. 13) holds with 

Ml = max{2, 2/xM, (1 - iia)-\ (1 - na)-^iiM} . (VII.21) 

This completes the proof of (b). 
(c) Using (VII.13), 

Wc infer that if Ei{Q'^) is the iih eigenvalue of Q^, counting in increasing order, then by the minimax 
principle, PM^'^Ei^Q'^) — (3 < PEi{Q(X)'^). Assumption (a) includes the assertion that exp(— /3(5^) 
is trace class for all p. Thus (VII. 15) follows. 

This completes the proof of the proposition. The corollary follows. In fact Assumptions (a-d) 
plus the fact that Q{X) = Q(A)* and Tr |^e~^'^*^'^^^^ < oo, with a uniform bound for A in a compact 

subset of A, ensure the existence of {t'^^^{X)}. The fact that this family is bounded then follows 
as a consequence of (IV.6), along with (VII. 15). 

Proposition VII. 6. If {Q{\} denotes a regular, linear Q -family, then the Sobolev spaces Ti,p{Q{X)), 
with p e [—1, 1] and X in a compact subset of A, are independent of X. 

Proof. We require that if / G HpiQiX)) then / e HpiQiX'), and if /„ ^ / G 7ip(Q(A)), then 
fn ^ / in 'HplQlX')). It is sufficient to establish this for p > 0, from which the result for p < follows 
from the duality of Tip with Ti-p. Furthermore for p = 1, we have verified (Proposition VII. 4(b)) that 
V{Q{X)) = V{Q) for all A e A, and hence that HpiQiX)) = VHQiX)^ + 1)^/^) = ViQiX)) = HpiQ) 
is independent of Q. 

The statement about convergence for p = 1 is equivalent to the existence of constants Mi, M2 
such that for all A G A, 

(Q2 + /) < Ml (Q(A)2 + /) , and QiX)^ + I< M^iQ^ + I) . (VII.22) 

The first inequality was proved in Proposition VII.2(b), while the second follows from 

g(A)2 = (Q + g(A))2 = Q' + g(A)2 + qiX)Q + Qg(A) < 2iQ' + qiX)') , 

along with assumption (VII. 9). 

For < p < 1, the desired results for Hp follow from the inequalities 

(g2 + i)p < Mf (Q(A)2 + i)p , (g(A)2 + i)p < Mf (g2 + 1)^ . 

But suppose < < is a. monotonicity relation for invertible operators on a domain T> x T>, 
where A and B are essentially self adjoint on V. Then automatically 

A^P < B'^P (VII. 23) 

for all < p < 1. This completes the proof. 
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VII. 3 Regular Deformations 

In §VII.2 we studied regular linear deformations Q{X) = Q + \q of Q, and the resulting family 
{7i, Q(A), 7, [/((yf), 21} of 0-summable, fractionally differentiable structures. In this section we re- 
place Xq by a family q{X). We require that q{X) satisfies the assumptions of §VII.2, and in addition 
we make as assumption on the derivative of q{X) with respect to A. Replacing Assumption (b) in 
§VII.2, we formulate the following: 

b'. A Family of Regular Perturbations. We assume that for each A G A, the operator q{X) is a 
symmetric operator on the domain V = T>[Q). We assume that there are constants < a < 1 and 
< M < oo such that for all A in a compact subset of A, the inequality 

q{Xf < a^Q^ + (VII.24) 

holds on P X P. We define 

(5(A) = Q + q{X) . (VII.25) 

Note that if q is an operator with domain D which satisfies (VII. 24) on T? x V, then q is an 
element of T(0, 1). Furthermore, if q is symmetric, then q determines uniquely an element of 
T(— 1,0) given by the adjoint sesquilinear form. Conversely, if g is a symmetric sesquilinear form 
on Doo X T^oo, and if furthermore q e T(0, 1) fl T{—1, 0), then q uniquely determines a symmetric 
operator on the domain V. Thus we may consider ^(A) as an operator with domain V or as an 
element of T{0, 1) n T(-l, 0). 

According to (VII.24), 

g(A)er(o,i)nr(-i,o) 

and q{X) varies over a bounded set for A in a compact subset of A. As in Assumption (b), we also 
require that g(A) G T(— e, 1 — e) fl T{—1 + e, e) for some interval < e < eo. We combine these 
requirements by assuming that 

lk(A)||(-,,i-.)<0(l) (VII.26) 

for all e G [0, cq] U [1 — eo, 1] with some eo > 0. Furthermore the bound (VII.26) is uniform for A 
in a compact subset of A. The assumption (VII.26) for all < e < 1 follows automatically from 
(VII.24) in case q{X) is essentially self-adjoint on T>. 

It is in the latter sense that we make an assumption about the differentiabihty of q{X). We 
assume that for A, A' G A, the difference quotient 

^/^ g(A) - q{X') 

S{X,X)^^—^, 
which is an element of T(0, 1) fl T(— 1, 0), converges in both these spaces as A' ^ A. 
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Thus we assume that there exists a symmetric operator q{X) with domain V, which is the 
derivative of g(A) in the sense that for A, A' in a compact set of A, 

jnn ||5(A, A') - g(A)||(o,i) + ^Inn ||5(A, A') - g(A)||(_i,o) = . (VII.27) 

We also want ^(A) to be continuous in A, in the space T(0, 1). Thus we suppose that 

^lim \\q{X) - g(A')||(o,i) + ^Inn \\q{X) - g(A')||(-i,o) = . (VIL28) 

We let (b') replace the assumption (b) of the previous subsection. We retain assumptions (a, 
c, d). In the linear case of §VII.2, q{X) — Xq, so 5{X,X') — q — q{X). As q E T(0, 1), the limits 
(VII. 27-28) hold trivially, and {b') is an automatic consequence of (b). 

Definition VII. 7. A family Q{X) satisfying the Assmptions (a) o/§VII.2 and (b') above (including 
(VII. 24-28) j is a regular Q-family. The family {H,Q{X),^,U{g),^} which satisfies Assumptions 
(a, b', c, d) is a regular family ofQ-summable, fractionally-difjerentiable, non-comutative structures. 

Proposition VII. 8. Let {Q{X)} denote a regular Q-family. Then for X in any compact subset of 
h., the conclusions of Proposition VII. 4 and Corollary VII. 5 hold with a < 1 replacing /la < 1, and 
with M replacing /iM in all estimates. 

The proof of this proposition parallels that of the Proposition V11.4 and Corollary V11.5. We 
just replaced the bound X'^q'^ < \j?c?Q'^ + /x^M^ by (VII. 24). Self-adjointness of (5(A) follows as 
before. Furthermore the three inequalities all flow from the inequality ^(A)^ < a^Q^ + M^. Thus 
we end up with the modified form of (Vll.13-15), where a replaces [la and where M replaces //M. 
Similarly we can derive the inequalities (VII. 22). Thus we also have proved 

Proposition VII. 9. Let Q{X) denote a regular Q-family. Then the Sobolev spaces 'Hp{Q{X)), with 
p e [—1, 1]; and X in any compact subset of A, are independent of X. 

We now proceed to study the differentiability of exp{—sQ{Xy). Let us define the difference 
quotient of heat kernels by 

A(A, A') = (A - A')-' (e-^'2(A)2 _ ^_,q(a')2^ _ (V11.29) 

Proposition VII. 10. Let Q{X) be a regular Q-family and let < s < 1. Let X belong to a compact 
subset of A. Let 

y(A)= /'e-*«W'(iAg(A)e-(*-*)^W'cis, (VII.30) 

^0 

where dxq{X) — Q{X)q{X) + q{X)Q{X). Also let X — {I, dxq{X)} be a two-vertex set. Then 
(i) X is a regular set with respect to Q. 
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(ii) The operator Y{X) 0/ (VII. 30) is related to the heat kernel regularization of X by 

Y(X) = r X(t,s-t)dt (VII.31) 
Jo 

(iii) Let < a,(3 and < a + P < 1 and < s < 1. Consider Y{\) and A(A, A') for A, A' in a 
compact subset of A. They are bounded uniformly in T{a, —(3; s~^), as defined in §V.6. There 
exists M < 00 such that 

\\Y\\Tia,-f3;s-^) + || A||r(a,-/3;3-i) < Ms'^^+^V^ . (VIL32) 

(iv) The derivative of e~^'^^^^^ in T{a, — /3; s~^) is —Y. In fact for any e > 0, 

II A + Y\\ria,-p;s-^) < o(l)5-(«+^+^)/2 (VII.33) 
where o(l) ^ as |A — A'| 0. 

We write 

^e-^Qixr ^_ r e-*«W^d,^(A)e-(-*)«W'ds . (VII.34) 
dX Jo 



Remark. The fact that the derivative (VII.34) exists not just as a limit of difference quotients in 
B{7i), but also as a limit in the space T{a, —P; s^^) is crucial. It is this fact which will allow us 
to differentiate the expression for r;J^°(A) in terms of the expectations which define t^^^{X). In 
other words, it establishes the commutativity of differentiation with respect to A and the trace and 
integration over s. 

Proof, (i) We assume in (b') that q{X) e '^'(0,1) nT(— 1,0). Furthermore as explained in (b), 
q{X) e r(0, l)nr(-l,0), so also Q(A) e r(0,l)nr(-LO). As a consequence, both q{X)Q{X) and 
Q{X)q{X) and therefore dxq{X) are elements of T{—1, 1). Hence the two vertex set has = Pq = 
and ai = /3i = 1, giving rio = rji = ^. Thus according to Definition V.l, X is a regular set with 
respect to Q. 

(ii) Note X{t, s — t) G Ji for t, s — t > 0, and \\X{t, s — t)\\i satisfies the bound (V.38), which is 
integrable over s. This defines Y{X) in (VII.31) and also proves (n). 

(iii) We next estimate ||V'(A)||-r(a,-/3;s-i)- In fact 

||^(A)||r(a-^;s-i) < / \\X{t,s-t)\\r{a,-i3,s--^)dt, 

J 

so it is sufficient to estimate the integrand ior t,s — t > 0. We have, 

\\X{t,s-t)\\ria,-fi;s-^) = \\R"'X{t,s-t)R-^\\j^_, 
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Here R = [Q"^ + /) By Proposition VII. 9, there is a constant M3 < 00, independent of A, in a 
compact subset of A, such that for i?(A) = (Q(A)^ + /)~^/^, 

\\R-'R{\)\\<M^ , 

and hence 

||i?-"i?(A)°|| < M3" , < a < 1 . (VII.35) 
Thus by Holder's inequahty and (V.28) 

||^(t,5-t)||r(a,-/3;.-i) < M3°+''||i?(A)-"-le-*«(^)'/l p(^^-^-lg-(.-t)Q(A)V2|| 

x||i?(A)d.g(A)i?(A)||||e-*^(^)^/2||,^_J|e-(-*)«W^/^y 
< AM^^^ (Xr (e-«(^)'/2jy (t/2)-("+i)/2||i?(A)dAg(A)i?(A)|| . 

(VII. 36) 

Since d\q{\) e T(— 1, 1), it follows that 

||i?(AKg(A)i?(A)||<M|||ci,g(A)||(_i,i). 
Furthermore, a + /3 < 1, and as we may take M3 > 1, 

||X(i,.-0||r(a,-/3;.-) < 16M|r(«+^)/^(.-t)-(^+^)/^ 

x(Tr (e-«W^/^))^||ci,g(A)||(_,,i). (VII.37) 

Integrating over s we therefore obtain 

||l^(A)||r(a,-/3;.-i) < M4«-("+^)/^ (Xr (e-'SWV^jy ||4^(A)||(_i,i) (VH.38) 

with M4 = 16M|5i (i^, i^). 

Next wc derive a similar bound on ||A(A, A') ||-7-(„__^.s-i). In this case wc recall from Proposition 
VII. 9 with p = 1, that the domain 'D{Q{\)) of Q{\) is A independent for A in a compact subset of 
A. Thus Q(A)2 is a sesquilinear from on ViQ^X)) x V{Q{\')). Hence 



t=s 
t=0 



A(A,A') = (A - A')-'e-*«W e-(^-*)«(^')' 

= (A - A')-^ (g(A')' - g(A)2)e-(^-*)'3(^')'di . 

Jo 

(VII. 39) 

Note Range(e-*'3(^)') C V{Q{\)) = X>(Q) = V. We have on P x P the form identity 

A(A, A') = - r e"*"^^^^' ((3(A)5(A, A') + 5(A, A')g(A')) e-(^-*)^(^')'di . (VH.40) 
Jo 
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Since 6{X, A') G T{0, 1) fl T{—1, 0), we can repeat the proof of the bound on ^(A) to obtain 

||A(A, A0||rK-/3;.-) < M5«-^"+^)/^ (TV (e-^r^QV^)^ (||<5(A, A')||r(o,i) + ||5(A, A')||r(-i,o) 

(VII.41) 

where M5 = IQeM^Bi ^-^)- Since s is bounded, and exp(— is trace class for all /3 > 0, 
this proves (VII. 32). 

(iv) Up to now we have only used the uniform bound on 6{\, \'). However, in order to prove 
differentiability we need to establish convergence to zero of the sum A + Y. We express A + F as a 
sum of five terms, and we then show that each term converges to zero in T{a, —(3; s^^). With the 
notation 

S{t) = e-*«W' , S\t) = e-*«(^')' , (VII.42) 

use (VII.41, 44) to write 

A + Y = - r S{t)Q{X) {6S'{s -t)- qS{s - t)) dt - f S{t) {6Q{X')S'{s -t)- qQ{X)S{s - t)) dt . 
Jo Jo 

(VII.43) 

We expand this as a sum of differences 

A + Y^-J2 r Zj{t,s- t)dt , (VII.44) 
.7=1 ■'^ 



with 



and 



Zi{t, s - 


t) = 


S{t)Q{X){6-q)S'{s-t) , 




Z2{t,S- 


t) = 


S{t)Q{X)q{S'{s-t)-S{s- 


-t)), 




t) = 


S{t){S-q)Q{X')S'{s-t) , 




Z^it, s — 


t) = 


S{t)q6S'{s-t){X' - X) , 




Z^{t,s 


-t) = 


S{t)qQ{X){S'{s-t) - S{s- 


t)). 



(VII.45) 
(VII.46) 
(VII.47) 
(VII.48) 

(VII.49) 



We now show that for any e > 0, each of these terms satisfies 

\\Zj{t, s - t)||r(a,/3;.-) < o(l)r^'+^y'{s - i)-(i+^+^)/2 , (VII.50) 

where o(l) — >• as |A — A'| — >• 0. We then integrate (VII.50) over < t < s. Since < a,P and 

a + /3 < 1, it follows that /3 < 1. Therefore we can choose e so that (l + /3 + e)/2 < 1. Then the 
integral converges, and we obtain 

II A + F||r(a,-;3;s-i) < o(l)5-(«+^+^)/^ , (VII.51) 

as claimed. 
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Let us begin by proving the bound on Zi{t, s — t). Observe that for t > 0, s — t > 0, by Holder's 
inequahty 



|^l(t,S-t)||r(a,-/3;.-i) = \\R-"Z^its-t)R-^\\j^_^ 



< \\R-'^S{t)Q{X)l^_J{6-q)R\\ \\R~'S'{s-t)R-qj^^_^^_^ 

< \\R-sm\\ \\smh^_AsmQ{x)\\ ms-mi 



\\R-'S'{s - t)/3)\\ \\S'{{s - t)/3)^^_^^_,\\S'{s - t)R-^\\ . 

(VII.52) 

Using bounds (VII. 35) and (V.28), we bound the first term on the right 

||i?-"5(t/3)|| < M3"||i?(A)-"5(t/3)|| < 2M3"(t/3)-"/^ . (VII.53) 
Similarly the third, fifth, and seventh terms on the right are bounded. Thus 



(VII. 54) 

By Proposition VII. 8, we have the bound (VII. 15) for A and for A'. Thus 

(Tr (e-'^W'/^jy (Tr (e-^(^'^'' < M| 

where M4 is bounded uniformly in A, A' in the compact subset of A. Hence we include all constants 
together in one constant M5 to give 

\\Zi{t,s-t)\\ri^_^,,-.) < M5ra+-)/2(s-t)-(i+/3)/2||5-g||(o^y . (VII.55) 

The hypothesis (VII. 27) ensures that \\6 — q'||(o.i) is o(l) as |A — A'| 0. Thus (VII.55) is bounded 
by (VII. 50) with e = 0, and the bound on Zi has been proved. The bound on Z3 is similar, except 
that we use (VII. 28) to conclude \\5 — g||(-i.o) = o{l). 

Next we consider the bound on Z4. Here wc use the uniform bounds 

||g||(-i,o) < 0(1) , 11511(0,1) < 0(1) 

to proceed as above to estabhsh 

||^4(t,s-t)||r(a-/3;s-i) <0(|A-A'|)t-(i+")/^(s-i)-(^+^)/2 , (VII.56) 

so the explicit coefficient A' — A provides Lipshitz continuity of this term. In particular, we have 
established (VII. 50) for Zi, Z3, Z4, and the bound holds for all three with e = 0. 
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Let us now inspect Z2 which requires a different method. Let P„ denote the orthogonal projection 
in v. onto the subspace for which < n. Decompose V, — PuH ® (/ — Pn)^- into two subspaces 
on which Q"^ < n and Q"^ > n respectively. Also write 

Z2{t, S-t) = Z2{t, S - t)Pn + Z2{t, S-t){I- P^) . (VII.57) 

We claim that given ei > 0, we can chose Uq sufficiently large so that for n > no, we have 

\\Z,(t, s-t){I- P„)||r(a-/3;.-i) < e,r^'^'^'^'\s - tp'-^P-^^y' (Vn.58) 

for all A, A' in the compact subset of A. In fact, choose < e sufficiently small so that P + e < 1. 
We repeat the type of estimate in (Vn.52) above to obtain the bound 

\\Z2{t,S-t)\\ria,-0-e;s-^) < 0(r (l+^V^) (s - t) - - t) 

< C>(l)r(i+-V2(s-t)-(^+^+^)/^ (VIL59) 

We use here ||p-^5'(s - t)R-'^-'\\i^^_^^_, < 0(1), and similarly ||p-i5(s - t)R-'^-'\\i^^_^^_, < 0(1). 
On the other hand 

\\RV - Pn)\\ = \\{Q' + - Pn)\\ <{n + 1)-/^ . (VIL60) 

Thus we have 

WZ^it, S-t){I- P„)||r(a,-^;.-l) < ||^2(t, S - t)R-'R%I - Pn)||r(a,-/3;s-l) 

< \\Z2{t, s - t)||rK-/3-.;.-i)||P^(/ - Pn)\\ 

< o ((n + 1)-^/2^ r(^+")/2(s - i)-(i+/^+^)/2 . (vn.61) 

Hence for Hq sufficiently large and n > no, we have 0((n+ l)-^/2) < d, and (VII.58) holds. 
We also claim that if we choose a fixed n > no , then 

||Z2(i, S - t)P„||r(a,-/3;.-i) < o{l)t-^^+'''^'^ . (Vn.62) 

In fact exp(— (5^) is trace class so P„7i is a finite-dimensional subspace of T-L. The dimension of 
P„7Y is fixed once n is fixed. Furthermore, the operator T defined by 

T^R-'^Z2{t,s-t)R-PPn , 

yields 

T*T = PnR~^Z2{t, s - tyR-^''Z2{t, s - t)R~^Rn , (VII.63) 

which acts on the finite- dimensional subspace PnH. Thus the absolute value |T| = (T*T)^/^ of T 
also acts on PnH. We therefore can write 

\\Th-. = {T^^p.n{\Tr')y , (VII.64) 
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with the trace restricted to P„7i. But 

\\Z2{t, S - t)Pjr(a,-P;s-^) = \\T\\i^-^ , (VII.65) 

so we can evaluate the T{a,f3; s^^) norm of Z2Pn on the subspace P^TY. 

Let fj, for j = 1, 2, . . . , be an orthonormal basis for P„7i. We claim that for each j, 

(/,|r|--V,.)^<o(i)r("+^)/% (VII.66) 

where o(l) ^ as |A — A'| — >^ 0. As a consequence of (VII.66) and of the fixed, finite dimensionality 
of P„7^, we infer (VII.62). 

To prove (VII.66), note that 

Ili^-^'Pnll < ||(g' + /)^/'Pn|| <(n + If!'' . (VII.67) 

Also 

R-'^Z<i{t, s~t) = R-''S{t)Q{X)q{X) {S'{s - t) - S{s - t)) . (VII.68) 

As a consequence of Proposition VII. 9, we have the bounds (IV.22) for all A in a compact subset of 
A. In particular, we have 

Q{X)' < MiiQ' + I) 

on the subspace PuH. We therefore conclude that ||(5(A)Pn|| is bounded by M2(n + 1). In other 
words, if Pr„(A) is the orthogonal projection in Ti onto the subspace on which Q{Xy < m, we have 

PnH C PM2(„+i)(A)7i , 

for each A in the compact subset of A. On the other hand the other inequality (VII. 22) ensures 

< MUQiXy + I) , 

so 

Pli-hin+l'ji^)'^ -^Mi(M2(n+l)+l)'^ ■ 

We conclude that {S'{s — t) — S{s — t))Pn has a range in Pn^Ti, where rii = Mi(M2(n + 1) + 1). 
Thus 

\\q{X){S\s-t)-S{s-t))P^\\ = \\qiX)RR-'Pr.,iS'{s-t)-Sis-t))Pj 

< ||g||(o,i)(ni + imS'is -t)- S{s - i))P„|| . 

(VII.69) 
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Combining (VII. 68) with the bound 

\\R-"S{t)Q{X)\\ < 0(r(^+")/2) , (VII.70) 
uniformly on a compact subset of A, we can bound \T\ in norm by 

II |2^| II II (r*?^) "'"^^ II ^ ||X'*X'|| "'"^^ 

< O (m + l)(n + l)''/1g|i;o^,i)||g|i;/lo)ll(^'(^ -t)- S{s - t))P„||(VII.71) 

For n>no fixed, the constants in (VII. 71) are uniform in A. However, ||(S"(s — t) — ^(s — t))P„|| = 
o(l) as |A — A'l 0, for this norm is calculated on a given, finite dimensional subspace of 7i. Thus 

II |T| II = (o(i)r(i+°)/^) , 

with o(l) — ^ as |A — A'l ^ 0. Likewise 

II \Tr'\\ < (o(i) (r(^+")/2j)'" 

and 

Hence we have proved (VII. 66) and (VII. 62). 

We now combine (VII. 58) with (VII. 62) to give 

||Z2(t, S - t)||r(a < ||^2(t, S - t)(J - P„) ||r(a + ||^2(^, S - t)Pn ||r(a -/3;s-i) 

< o(l)r(i+")/2(s-t)-(i+'^+^)/^ (VII.72) 

Here we use 1 < (s - i)(i+/3+^)/2 in the bound on Z2P„. Thus we have established (VII.50) in the 
case of Z2. 

The proof of the bound (VII.50) for Z5 is a minor modification on the proof for Z2, and it also 
results in the bound 

||^5(i,«-i)||r(a,-/9;.-i) < o(l)r (^^"^^(s - i)-( W.)/2 . (VII.73) 

Hence we have completed the proof of (VII. 33) and of the proposition. 

In the course of establishing the proposition, we have used a method which gives a useful bound 
on A. We state this separately. 

Proposition VII. 11. Let Q{X) be a regular Q-family and let < s < 1. Let A, A' belong to a 
compact subset of A. Let < /3 < 1. Then for any e > 0, 

||g-.Q(A)^ - e-^^(^')lr(A-i;.-i) + ||e-*^(^)' - e^^^CV)^ ||^^^__^^^_,^ < ^(i)^-(i+^+.)/2 ^ ^yjj ^^) 
where o(l) ^ as |A — A'| 0. 
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Proof. We inspect the second term in (VII. 74). The bound on this difference in the norm 
T(l,— was proved in the course of our proof of the bound (VII. 72) on Z2{t,s — t). To 
be explicit, 

||e-Q(A)^ _ e-^«(^')lr(i,-/3;.-i) = WR'' {e-"^^'^'' - e-^'?^^')') 

+\\R-' (e-^«W' - e-^^^(^')') R-^Pnlli^., , (VII.75) 

where P„ denotes the orthogonal projection onto the subspace of Ti. on which < n. As in the 
proof of (VII. 72), and with the notation used there, 

\\R-\S{s)-S'is))R-P{I-Pr.)\\r^_, < \\R-\S{s)-S'{s))R-^-%^_A\RV-Pn)\\ 

< \\R~\S{s) - S'{s))R-'^-'\\i^_,{n + 1)-' 

< 0{n + ly^s-^^+P+^y^ < . (VII.76) 

Here ei > is given and n is chosen sufficiently large, depending on ei. Likewise for fixed n, 

\\R-\S{s) - S'{s))R-^Pn\\i^_, < o(l) , as |A - A'l ^ . (VII.77) 
This is a consequence of an analysis of T*T, where 

T = R-\S{s) - S'{s))R-^Pn . (VII.78) 

We infer that 

T*T = P^R-'^{S{s) - S'{s))R~^{S{s) - S'is))R~^Pn (VII.79) 
is bounded using (VII. 67) and the argument following, for n fixed, by 

II |T| II < ||T*T||^ < 0{l)\\{S{s) - ^'(s))P„|| < o(l) . (VII.80) 

Hence 

(Tt p„n {\Tr')y <o{l) (VII.81) 
and (VII.77) holds. But (VII.76-77) show that 

||5(.)-5'(.)||r(l,-;3;.-)<0(l)5-(We)/2^ 

which bounds the second term on the left of (VII. 74). The bound on the first term of (VII. 74) is just 
the corresponding dual bound on the adjoint of S{s) — S'{s). Hence it follows and the proposition 
is proved. 
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VII.4 The Basic Cochains L(A) and h{X) 

We define the two families of cochains L(A) and h{X) as follows. Let 



-^n(A)(ao, ...,an;g) = X!("0' ^^^i' ■ ■ ■ ' ^a%-i, [?(A), %], dA%+l, . . . , ^AOn; 5')n 

i=i 

n 

— X](^0' ^A^i, . . . , dxttj, dxq{X), dxaj+i, . . . , dxttn] g)n+i , 

j=0 

n 

= (^0, dxai, [q{X), %],..., dxttn, g)^ 

n 

- E C?(«o, «i, ■ ■ ■ , g(A), . . . , a„; ^) , (VII.82) 

i=o 

and let 



hn{\){aQ,...,an,g) = (-1)1"/^^ ^(-1)'' (ao, ciAOi, ■ ■ ■ , c^AOfe, g(A), ciAOfc+i, ■ ■ ■ , c^AOn; 5')„+i ■ 

fe=0 

(VIL83) 

The analytic properties of these cochains are a consequence of the groundwork we have laid. 

Proposition VII. 12. Let {H,Q{X),^,U{g),^} be a regular family of Q-summable, fractionally- 
differentiable structures. Then 

(i) The families {L{X)} and {h{X)} are bounded families of cochains mC(2t). 

(ii) Furthermore Z>2n+i (A) = and /i2n(A) = 0. 

(iii) For each j , < j < n, define the functional 

hn\X){ao, ...,an;g)^ hn{X){ao, ai, . . . , daj, ...,an;g). 

Then Uj^ is an element ci/C„(2t). 

(iv) The functional h{X) defined by 

h{X) = {^„(A)} = |E(-iy+^/i(/)(A)| (VII.84) 

is an element of 

(v) The function g — > h{X) is continuous in as a map from to C(2l), uniformly for A in 
compact subsets of A. 
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Proof. It is clear that for any ak = I, k ^ 0, both L„(A) and hn{X) vanish, as they must 
for cochains in C. Furthermore, the expressions (VII. 22) have the invariance property (II. 1) The 
symmetry property under 7 ensures that L2n+i — and /i2n = 0, when evaluated on 21. 

Thus in order to ensure that L{X) and h{X) are in C we must establish a uniform bound of the 
form of (11.31), as well as continuity in A of the form (11.33). To prove the uniform bound (11.31), 
we must make sure that the expectation in each case is for a regular set of vertices. This is true for 
each possibility. 

We remark that for a G 21, q{X)a and aq{X) are vertices of type (1,0) and (0,1) respectively. 
Thus the sets 

Xn — {do, d\ai, . . . , dxUj-i, q{X)aj, d^aj+i, . . . , dxttn} 

and 

Yn = {oto, dxai, dxaj-i, ajq(X), dxaj+i, d^On} 
have regularity exponents (V.31, 32) given by 

X l.r, -.^-.^ X fct + /3\ 1 a + /3 1 

77^" = - mmll - a.l- 3} > , ?7^"u^, > 1 - z + — > - , 

/local 2 ' A^/ ' /global \ 2 J 2(n + 1) 2(n +1) 2 ' 

for n sufficiently large, and 

for n sufficiently large. Thus both and have expectations in C(2l), according to the estimate 
of Corollary V.4.iv. Here we use Proposition VII. 6 which ensures that norms defined with Q{X) or 
with Q are equivalent. The sum of n such Xn and Yn also defines a cochain in C(2l), as n^/" — > 1. 

On the other hand, the second sum of (VII. 82) for -L„(A) has one vertex Q{X)q{X) + q{X)Q{X) — 
dxq{X). This vertex is of type (—1, 1). Thus again we may apply Proposition VII. 6 if we verify that 
^locai > and r^giobai > 2 vertices 

Z = {oo, dxai, . . . , dxaj, dxq{X), dxaj+i, . . . , dxan}. 

In this case 




and as before rj^obax > | for n sufficiently large. Thus L(A) e C(2l). For the cochain h{X) we proceed 
similarly. However ^(A) e T(0, 1), so proceeding as above we conclude h{X) e C(2t). 

Next we consider the expectation hl^\ Here one vertex of type diaj — Q{X)dxaj + dxajQ{X) 
may occur. The vertex adjacent to this vertex will be either a vertex adxCik, or q{X). Such a pair 
of vertices will give rise to ryj's in the range < {1 — a — P)/2 < rjj < max((l — a)/2, 1 — (3/2). 
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This does not affect the above discussion, so each {h^^^} C C(2l). Likewise h G C(2l). Both these 
bounds are uniform for A e A in a compact set. 

In order to estabhsh the continuity of h{X) in g, we need to analyze the difference h{\; g)—h{\; g'), 
for g, g' nearby elements of <&. We let Pr denote the orthogonal projection in H onto the subspace 
< r. Let /i = (1 — q; — /3) < 4, so < // < 77iocai/2 and ji is independent of n. Also let 

U{g)-U{g') = Pr{U{g)-U{g')) 

+R-^W{I-Pr){U{g)-U{g')). 

We insert this relation in place of U{g) — U{g') in each term in the difference 

/in(A)(ao, . . . ,a„;5() - /i„(A)(ao, • • .,an;g') . 

Expand into 2{n + 1) terms using definition (Vn.83). We will show that for g sufficiently close to 
g', the norm of each of these terms is small, with a coefficient o(l) uniform for A in a compact and 
with the largc-n behavior o(l)M"+^(n!)~2~( 2 ). Hence h(X) is continuous in g E 0, uniformly 

on compact sets of A. 

To complete the proof we argue why each term is small. First choose r sufficiently large, which 
will make all the (/ — Pr) contributions small. In fact we use cyclicity of the trace and the fact 
that i?'* commutes with 7 to move to the last factor in the trace, adjacent to exp(— s„+iQ(A)^). 
Furthermore, we have estabhshed in Proposition VII. 6, 9 that for A in a compact subset of A, 
\\{Q{XY + iy/^R-'"\\ uniformly bounded. Thus the factor cxi){-Sn+iQ{Xf)R~^ can be replaced 
by exp(— s^+iQ(A)^)(Q(A)^ + J)^ times a uniformly bounded operator. Since \mu < ?7iocai/2, the 
factor {Q{Xy+lY can be absorbed into ctn+i, with the only effect being to change the combinatorial 
constant from one vertex. We are thus left with the factor 

\mi - Pr)\\ < {r' + 

which is 0(1) uniformly in all constants if r is sufficiently large. 

Now fix r and consider the first term Pr{U{g) — U{g')). Note Q'^ and U{g) commute, so U{t) — 
U{g') acts on P/hL. While U{g) is only strongly continuous on 7Y, strong continuity and norm 
continuity agrees on the finite dimensional subspace PrH. Thus 

\\Pr{U{g)-U{g'))\\<o{l), 

where o(l) is bounded uniformly for fixed r, and where o(l) — > as g'^g' — > e, the identity in (8. 
Thus both terms in the expansion of U{g) — U{g') give a small coeffient times a uniform bound in 
C(2l), and the proof of Proposition VII. 12 is complete. 
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Proposition VII. 13. Assume that Q{X) is a regular family of perturbations and 21 e 5/3,q, with 
< a, (3 and < a + (3 < 1. Then 

(i) The families of cochains L{X), h{X) e are continuous as maps from A e A — > C(2l). 

(ii) The family t^^°{\) E C(2l) is differentiable in X, and dT^^^{X)/dX = L(A). Hence t^^° is 
continuosly differentiable. 

Proof, (i) The continuity of L{X) and of h{X) in A flows from an analysis of the differences 
L(A) — ^(A') and h{X) — h{X'). Taking A, A' in a compact subset of A, we obtain uniform estimates 



for some e > 0. Here o(l) is independent of n and o(l) — as |A — A'| ^ 0. To obtain this bound, 
write out the differences of L„ or of /i„ using the definitions (VII. 82-83). 

Each term in these sums has the form / TV {'yU{g){X{s; X) — X(s; X'))) ds, where X{s,X) is a 
product of n or n + 1 vertices (of the form qq, d\aj, q{X), dxq{X), or [q{X), aj]) and an equal number 
of heat kernels. Thus each difference X{s; A) — X{s; A') can be expanded further as a sum of 2n or 
w{n + 1) terms, with exactly one difference in each. Here this difference is either the difference of 
a vertex at two values of A, or else a difference of heat kernels at two values of A. 

For each term, we repeat the uniform bounds as in the proof of Proposition VII. 12. These 
bounds, however, can be improved through the presence of the difference, which will ultimately 
give a coefficient o(l). If the difference is a difference of heat kernels, use the bound of Proposition 
IVV.ll. Suppose the difference occurs in the j'*^ heat kernel, counting from zero on the left. This 
yields a factor o(l), as well as the uniform bound, with the loss of an arbitrarily small power sj'^ 
from this one vertex. 

Next let us consider terms for which the difference is a difference of a vertex. We need to consider 
each generic possibility. If the vertex is dxaj the difference has the form 



where S denotes the difference quotient for q{X). The only possible problem arises if 5 is adjacent 
to a vertex containing g(A). Each term has at most two vertices with q or ^'s. In this case we use 
(VII. 26) for < e or e < 1. For example, in the term 




(VII.85) 



dxUj — dx'Uj 



[q{X)-q{X'),aj]^{X-X')[5,aj] 



(VII.86) 



•••(A 



q{X')aj+ie 



(VII.87) 



we use the identity 



l-e 



R-'{R'ajR-'){R'SR'-') 



(VII.88) 
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to transfer R through aj and away from the heat kernel exp(— s; (^(A')^) which is sandwiched 
between two factors of q or q. By Proposition V.S.ii, ||i?''aji?~''|| = ||aj|| < ^ for < e < 1 — a. 

Also \\W5R^-'\\ = ||5||(-e,i-6) < 0(1) by (VII.26). Thus (VII.87) can be bounded by 0(|A - A'|), 
times the usual bound. The special treatment of the two vertices with factors of g or g docs not 
change r/giobai for ^ large. The O(n^) terms in L„ and hn are bounded by m" and do not affect the 
power of 1/n! in the overall estimate. Thus (VII. 85) holds for any e < (1 — a — /?)/2, and part (i) 
is proved. 

(ii) To establish differentiability of r'^^°(A), we write out the difference quotient and subtract 
L(A). Then 

" ^ ' -L^{X) (VII.89) 

can be expressed as a sum of differences, as in the proof of (i). Two types of terms occur in the 
difference quotient: the difference quotient for heat kernel factors and the difference quotient for 
vertices. These terms are in 1-1 correspondence with the terms in the difference quotients for 
heat kernels correspond to the d\q{X) vertices in I/„(A) while the difference quotients for vertices 
correspond to the [^(A), aj] vertices in L„. After combining these terms, the estimates of the terms 
with vertex differences proceed as in the proof of part (i). The terms iwth heat kernel difference 
quotients can be treated using the bounds of Propositions VII. 10-11. The bounds are similar to 
the bounds proved earlier, so we do not give the details. 

VII. 5 Deformations of r'^^^(A) Yield a Coboundary 

We estabhsh that ^^^^^ = L{X) = dh{X), with h{X) defined in (VII.28). In other words, we 

■ ^JLO / 



establish the constancy of (T^^{X),aj under a homotopy as explained in §VII.l. This completes 
the proof of Theorem VII. 1 and of Corollary VII. 2. 

Proposition VII. 14. If Q{X) is a regular family of perturbations and 21 C ^i3,a, then r''^°(A) e 
C(2l) satisfies 

^r^^^{X)^dhiX). 



Proof. In Proposition VII.13.ii we established that dr'^^''' (X) / dX exists and equals L{X), and 
furthermore that L{X) is a continuous function from A to C(2t). We also have shown the existence 
and continuity of h{X). So now we need only show that L = dh. 

In Proposition VII.12.ii, we have shown that (evaluated on 21) both /i2n = and L2„+i = 0. 
Thus we need only verify that 



L2n{X) = {Bh2n+l){X) + (6/i2n-l)(A) 



(VII.90) 
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We begin by proving that 

(-B/i2n+i)(A)(ao, ■■■,an]g) = -h2n{dao,ai, . . . , a„; 51) , (VII.91) 

where the right side is h^2n defined in Proposition VII.12.iii, and shown there to be an element of 
C„(2l). In fact, we estabhsh ( |V11.9lD starting from the definition 

2" _i _i 

{Bh2n+l){aQ, . . . ,an;g) = h2n+l{I, a^n-j+ly • • • ! '^2n ,(^0,---, a2n-j', Q) ■ 

j=0 

We expand the right side according to the definition (VII. 82) of h. Note that [{2n + l)/2] = n. 
Also, we use the cyclic permutation symmetry (|V.67| ) of expectations to permute dao into the zero*^ 
position. We obtain 



{Bh2n+i){ao, ■ ■ ■,a2n]g) 



2n / j 
3=0 \k=0 



• • • ; <^<^2n-j+fc; d^2n-j+k+li • • • > 



da2n , daQj . . . , da2n-i] 9 



2n+2 



2n-j 



+ E (-1)''^^^^ (/, da^2n~j+i, • • • ) da^2n,do.o, dak, g(A), . . . , da2n-j; g 



k=0 



2n+2 



2n I 2n 

-1)" E E (-l)'''^^ {dao, dai, da2n-j, dak, g(A), . . . , da2n; g)2n+2 

j=0 \k=2n~j 
2n-j 

+ E (-1)''^^ {dao, dai, dak, g(A), dak+i, . .., da2n-j, I,---, da2n] g)r 

k=0 



'2n+2 



(VII.92) 

We now combine the terms in ( |V11.92| ) which have a particular value of k. For these terms, the 
factor / occurs in the position 1, 2, ... , 2n, while the factor g(A) always follws dak- These terms all 
have the same sign(— 1)"+'^+^. Thus using ( [V.68|) we have 



(-B^2n+l)(«0, • • • , a2n', g) 



2n+l 



^ {-if {dao, dai, dak, g(A), dak+i, da2n, g)2n+i 

k=0 

—h2n{daQ, ai, . . . , a2n', g) , 



as claimed in ( |VII.91|) . 
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Next we evaluate bh2n-i- We claim that 

n 

= — ^{—iyh2n{ao, ai, . . . , dxttj, . . . , a2n', . 



2n 

+ (ao, dxai, dxaj^i, [g(A), %],..., dxa2n] g)2n ■ (VIL93) 



In fact the definition of b yields 



2n-l 



{bh2n-i){ao,. . . ,a2n;g) = Y{-iyh2n-i{ao,...,ajaj+i,...,a2n;9) 

j=0 

+ (-l)^"/i2n-i (afn «o, ai,---,a2n-i;fi') • (VII.94) 

We expand using the definition of h, giving a sum of n{2n+ 1) terms. We then expand further each 
of the terms in ([VII.94|) arising from 1 < j < 2n — 1. Each such term is a sum of expectations with 
one vertex of the form d{ajaj+i), which we expand as 

d{ajajj^i) = {daj)aj^i + aj{dajj^i) . 

We end up expressing 6/i2n-i as a sum of 8n^ expectations. We want to combine the terms in 
pairs, as in the proof of (VI. 8). However, the expectations also contain one q{X) vertex; thus we are 
missing the terms of the form 

2n 

(ao, dxai, . . . , ajq{X) - q{X)aj, . . . , dxa2n; g)2n ■ 
Thus we add and subtract this sum. Hence (using (—1)" = — (— 

2n 

(6/i2n-i)(ao, . . .,a2n;g) = Y («o,c?Aai, • • • , [q{X),aj], . . . ,dxa2n;g)2n 

2n 

— ^(— l)"'/i2n(oo, Oi, . . . , ctj-i, dxaji ctj+i, . . . , a2n'i g) 1 
i=i 

as claimed. 

We now add (VII.91) and (VII.93) to yield 

2n 

{dh)2n{ao,. . . ,a2n;g) = -J2(^^y^2^i^o,---,dxaj,...,a2n;g) 

2n 

+ Y i^o, dxai, [q{X), aj], . . . , dxa2n] g)2n ■ 
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Each term in the first sum exists as a consequence of Proposition VII.12.iii, while each term in the 
second sum occurs in the sum for L2n(A); hence it too is defined. We rewrite the first sum using 
the identity (V.69). Here we must add and subtract 

n 

^ (ao, dxai, dxttk, dxq{X), dxa2n] 9)271+1 ■ 

k=0 

Therefore 

2n 

{dh)2n{ao, . . . ,a2n;g) = +Y,{'^o,dxai,...,[q{X),aj],...,dxa2n;g)2n 

2n 

- T-2n+i(«o, ai, . . . , g(A), . . . , a2n; 9) ■ 

j=0 

The right side of this identity is exactly L2n(A). This completes the proof of the proposition. 
VII. 6 Equivalence of Parallel, Radon Hyperplanes 

The basic ingredient in the definition of the cocycle r'^'"^ is X{P). This operator is the Radon 

transform of the heat kernel regularization X{s) of {n + 1) vertices, evaluated on the hyperplane 
f3 = So + ■ ■ ■ + Sn- Until now, we restricted attention to the hyperplane j3 = 1. In this section, we 
consider a general, parallel, hyperplane defined by /3 > 0. We define the corresponding r'^^^^P and 
show that both r^^*^"'' and r"''"® = -y-JLO,i belong to the same equivalence class. This justifies our 
restriction earlier to the case (3 — 1. 

Let {7i, Q, 7, [7(51), 21} denote a O-summable, fractionally-differentiable structure. Let X — 
{ao, doi, . . . , dan\ be an (n + l)-vertex set, where Oj e 21. Define the expectation t'^^'^'P with 
components 

o-'^lao, . . . , a„; ^) = r^Tr {jU{g)X{P)) , (VII.95) 

where X{I3) denotes the Radon transform of the heat kernel regularization of X evaluated on the 
hyperplane E"=o = /3- 

Proposition VII. 15. The expectation t'^^^'^ & C{%). Furthermore t'^^^'I^ & [t'^^^'^]. In particular, 
^jLO,/3 g cocycle for each (3 > 0. 

Proof. The statement t'^^'^'^ G ^^(21) follows immediately from the estimates already proved for 
X'^^'^{s), at least in the case < P < 1. For /3 > 1 we require minor modification of the constants 
in certain bounds; we leave this to the reader. 

Note that the scaling properties of the Radon transform ensure that r^'J'"*^'^ defined for Q is 
identical with t;J^*-*'^ defined for P^^'^Q. Hence r^^^'^ is a cocycle. In order to demonstrate that 
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-7-JLO,/3 i^eiongs to the same equivalence class as r'^^°, we need only study the family r"^^°(/3^/^) 
given by 7, U{g),^^}. As a function of we have a linear perturbation of Q. Define 

Q(/?i/2) = g + q{p^/'^), where q{f3^/^) = {p^^^ - 1)Q. Since Q e T{Q, 1), and it has norm 1, we infer 
that Qif^^^"^) is a regular Q- family. Thus Theorem VII. 1 shows that r'^^'^'l^ = t-JLO _|_ qjj^ j^j^g 
as for 1/9^/^ — 1| < 1. With redefinition of the starting point of the homotopy from /3 = 1 to /3 = 2, 
etc., we show that r"^^^''^ is cohomologous for all /? > 0. This completes the proof. 

VIII End Points 

We often encounter a family {Ti, Q{\),'~f, U (g), 21} which is a regular family for A in the interior of 
a set A, but for which we lack some relevant information A tends to the boundary. In fact, this 
often arises in the case that A is an interval and A tends to one endpoint of A. We consider here a 
case of such a phenomenon. For simplicity, let us assume A e A = (0, 1], with A = the singular 
endpoint. 

VIII. 1 End Point Regularization 

As an example, we replace the energy operator Q{\)^ by the regularized energy operator H{e, A), 

H{e, A) = Q{Xf + e^Z*Z . (VIII.l) 

Here e is a real, non-zero parameter and Z*Z > is an operator chosen so that it regularizes Q{\y. 
This means that if /3 > and e > are fixed, then 

Tr (e-'^^(^'^)) (VIII.2) 

is bounded uniformly in A as A ^ 0. 

Suppose that Z*Z commutes with the representation of 0, namely for ell g E (5, 

U{g)Z*Z = Z*ZU{g) , 

and also suppose that ^Z*Z = Z*Z^. Then in defining the heat kernel regularizations X of sets of 
vertices, or in defining expections, we can replace exp(— Sj(5(A)^) wiht exp(— Sjif(e, A)). We obtain 

9)^ (e, A) = (xo, xi, . . . , Xn\ g)^ (e. A) . (VIII.3) 

Similarly, we arrive at a regularized JLO cochain T''^'^(e, A), by using regularized expectations in 
place of expectations (IV.16) or (V.62). In particular 

T„J^O(ao,..., a„;^)(6. A) = Tr [^U{g)X''^''{e,\)) (VIII.4) 
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where X'""^ = {ao, dxai, . . . , d\an}. In general, for X = {xq, . . . , x„}, one can define 

X(e, X)= J xoe-''"^''^^Xie-''^^''^^ ■ ■ ■ Xne-'""^''^^6{so + ■■■ + Sn-i)dso ■ ■ ■ ds^ ■ (VIIL5) 

Given a G 2t® and a? = I, the regularized cochain r'^^^^e, A) = {T;J'"°(e, A)} yields the regularized 
pairing defined as 

3^^"^H«; 9) = -^ I e~*'Tr f7?7(^)ae-^(^'^)+'*'^^") dt . (VIII.6) 

y/TT J ^ ^ 

This pairing '5^^'''^\a; g) converges as e — > to :5^^^Ka;g) of (1.28). However, T^^^{e,X) is not 
a cocycle. Nor is the pairing (VIII.6) an invariant function of A or of e. For e 7^ 0, the pairing 
3^*-^'^^ (a; g) depends on both e and A. 



VIII. 2 Exchange of Limits 

In certain examples, we have studied the dependence of ^^^'''^^ on e and A in detail, at least in a 
neighborhood of e = A = 0, see |T^. In these examples we have shown that 3'^^'*''' can be recovered 
from "^^^"^'^K Also we choose the regularizing factor Z*Z to be sufficiently simple so that we can 
evaluate 3''^^'^'°^ in closed form. On the other hand, we are interested in knowing 3*^*-'^^ = '^^^'^'^^ for 
A > 0, where it is constant. The important fact is that the function 3^*-'^''^^ is not jointly continuous 
in (e. A) in the unit square 0<e<l,0<A<lat the point (0, 0). 

However, another fact saves the day; it is our ability to prove that while '5^^'^'^-' {a, g) is not 
jointly continuous in (e. A) in the unit square and for every value of g & <3, this function is jointly 
continuous in (e. A) for almost every value of (7 G C5. We establish this continuity in the examples, 
with the aid of a new expansion that we name the holonomy expansion. As a consequence of the 
expansion, we obtain bounds on 

(vni.7) 



and -^3^^^'") 

de dX 



of the form 



^■2H{e,\) 

de^ 



< Me , 



dX^ 



(vni.8) 



for < e. A, < e + A, and sufficiently close to (e. A) = (0, 0). Thus we obtain. 



H{0,X) 



<0{e' 



(vni.9) 



as e ^ 0. We combine this information with two other facts: (i) in the examples, the explicit form 
of 3^*^^'°'' has a pointwise limit as e — > for almost all g E (ii) In Corollary VII. 2, we established 
the a priori continuity of 3'^''''''^-' as a function of g E 0. These two pieces of information ensure 
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that for almost all g E (5, 



(a, g) = lim lim 3^^''^^ (a, 0) = Hm lim 3^^''^^ 



= lim3'^^°)+^^*^(a,^). (VIII.IO) 



The right side of (VIII.IO) can be evaluated, and extends by continuity to all g E ^. 

IX Split Structures 

We define splitting of Q as a decomposition 

Q=^(Ql + Q2), (IX.1) 

such that also 

A splitting is associated with corresponding derivatives on 21 given by 

da — —i={dia + d2a) , dja — [Qj, a] . 
V2 

In §IX.l we specify this assumption in more detail. Clearly a splitting into a sum of many parts is 
possible, but we concentrate here on a slitting in two. 

As in earlier sections, we assume 

Tr (e"'^^') < 00 , for /3 > . (IX.3) 



However, we do not assume that Tr (e '^^^j exists for the individual Qi or Q2. In addition, while 
we assume that the group U{g) of unitary symmetries commutes with Qi, we do not assume that 
Q or Q2 are necessarily invariant. For these reasons, the resulting framework will be different from 
the equivariant framework studied earlier. 

Within this revised setting we generalize the cochain t^^^ to a cochain r^^^^ defined on a suitable 
algebra 21. Letting 21® denote the pointwise-(J5-invariant part of 21, we obtain for a G 21® and — I 
the following expression for a pairing: 

3{Q^}(a, g)^^ r e-*'Tr (-fU{g)ae-'^^+'"^''') dt . (IX.4) 

While this formula bears a close rcscmblence to (VI. 4), the resulting pairing 3''-*^^'*-'*''*^ in general is 
not an invariant. If Qj{X) depends on a parameter A, then ^^^^^{a;g) remains a function of A. 
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However, we describe a special family of variations Qj{X) and algebra 21, such that (IX. 4) is an 
invariant. Within this class of variations, we find that, as previously, there is a cochain h{X) such 
that 

i^^{Q.(A)} ^ 5/,{Q.(A)} _ (IX.5) 
ctA 



IX. 1 A Qi-Invariant Splitting 

We split the self-adjoint operator Q into a sum of self-adjoint operators Qi and Q2, as in (IX. 1). 
Each operator Qi, Q2, and Q is odd under 7, 

Qji + iQj = o, J = 1,2. (IX.6) 

Furthermore, the decomposition (IX. 3) of has the interpretation that Qi and Q2 generate inde- 
pendent translations. Algebraically, 

Q1Q2 + Q2Q1 = . (IX.7) 

Recall that the Q is assumed to be essentially self-adjoint on the domain T>] such a domain is called 
a core for a symmetric operator. The core is invariant if QT> (ZT>. If D is a common, invariant core 
for Qi and Q2, then products are defined on V and on this domain 

[Qi,Ql] = = [Q2,Ql]. (IX.8) 



DefinitionlX.l. The self-adjoint operator Q splits into the sum of two independent parts, if there 
is a common, invariant core for Qi, Q2, and Q, such that the bounded functions of Qi and Q2 
commute with the bounded functions of Qf nd of Q\. 

Part of the definition that Q splits into a sum of two independent parts, involves the assumption 
that the spectral projections of Qi commute with those of Q2- Hence the unbounded, self-adjoint 
operators Qi and Q2 commute. 

Complementing H defined in (IX. 3), we define the self-adjoint operator^ 

P = \iQl- Qt) ■ (IX.9) 

''The notation H and P is suggestive of energy and momentum. In fact, this is no accident, as such examples 
arise in space-time supersymmetry. In that case, Qi and Q2 are generators of symmetries arising from two space- 
time directions, and Q\ = H + P and Q2 = H — P, with H and P being the energy and momentum operators. 
Combined with the equation for independence of Qi and Q2, this is called the algebra for space-time supersymmetry 
(in a two-dimensional space-time). The condition (IX. 9-10), supplemented hy < H = Q^, can be interpreted as a 
restriction of special relativity for the energy-momentum to lie in (or on) the positive cone. 
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Note that P and H commute. Furthermore as a consequence of (IX.3,9), we infer 

±P<H, (IX.IO) 

and the joint spectrum of H and P lies in a cone. 

Let us define the Sobolev spaces Ha = V{{H+I)''/^), which are Hilbert spaces with inner product 
defining a norm ||/||Ha — IK-^ + The space T(P,a) of bounded Uncar transformations 
from Ha to Hp is a Banach space with norm \\T\\^p^a) = \\{H + lf/^T{H + Thus (IX.9) 

can be interpreted as saying P e T(— 1, 1) with 

< 1 ■ (IX.11) 



In the equivariant case, we also are interested in the unitary group of symmetries U (g) acting 
on 7i. We assume as in earher sections that 

^Uig) = U{gh and Q^U{g) = U{g)Q'' (IX.12) 

for all g e (3. 

Definition IX. 2. A splitting (IX. 1) is Qi-invariant, if (IX.9) holds and also for all g & 

QiU{g) = U{g)Qi . (IX.13) 



Note that a Qi-invariant splitting has the property 

QlU{g) = U{g)Ql . (IX.14) 
Let us define two parameter abelian representation 

V{t,x) ^e''"+'''^ . (IX. 15) 
The relation (IX.6) ensures that for all {t,x) G M^, 

^V(t,x) ^V(t,x)-f . (IX.16) 

Definition IX. 3. The representation V{t,x) is [/(g^) -invariant ifV{t,x)U{g) — U{g)V{t,x) for all 
g e<d and all {x,t) e 
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IX. 2 Observables 

We define a new algebra 21 of observables, suitable for a Qi-invariant splitting of Q. First we define 
an interpolation space T^^^ based on the di derivative. In particular, let 

rj'j = {6 : 6 e B{n), and R{{dih)R1 e B{n)] , (IX.17) 
where Ri = {Ql + 7)-V2. We give T^^l the norm 



It, 



(1) 



+ c,+^||<(rfi6)i?^|| . (IX.18) 



Here Ca+p is defined in (V.77). Clearly T^^l is invariant under the action of defined by conjugation 
with U{g), as a consequence of (IX. 11-12). Define the (spatial) translate b{x) of an element h e B{V) 

by 

h{x) = e'^-Pfce-^^-P = 1/(0, x)bV{Q, x)* . (IX.19) 

Definition IX.4. The zero-momentum subalgebra B{7i)o ofBiTi) consists of all elements b e B{li) 
such that b{x) — b for all x e M. 

We remark that b e B{H) is an element of B{H)o if and only if 

Pb = bP . (IX.20) 
We assume that 21 is a Banach-subalgebra of the interpolation space 

B{n), n , (IX.21) 

which we call the zero- momentum subalgebra of T^]a- Here a, (3 satisfy < ct, /3, with a-\- (3 < 1. 
Assume the pointwise, 7-invariance of 21, namely a = a'"' for a e 21. Furthermore assume 

||a|L(i) < |||a||| . (IX.22) 

/3,a 

Also let 21® C 21 denote the pointwise-0-invariant subalgebra of 21. 

The analysis of the interpolation spaces B{T-l)o fl T^^^ follows step by step the analysis of the 
interpolation spaces Tp^^ in §V. In order to carry this out, we note the following: 

Lemma IX.4. Let b e B{'H)o- Then as a bilinear form on V{Q^) x V{Q^) C V{Ql) x V{Ql), 

d% = d\b . (IX.23) 
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The proof of this lemma is an elementary consequence of [P, b] = 0. Thus estimates on d^b can 
be reduced to estimates on dlb. Also 

As a result, we can reduce all estimates in the proof of this statement to estimates of same form 
as those of §V. In particular, B{H)o n Tj^^^ is a Banach algebra, and we can prove analogs of 
Proposition V.5 (with Ri replacing R and di replacing d), as well as Corollary V.16, Proposition 
V.7, and Corollary V.8. 

IX. 3 The Cochain r^^'^ and Invariants 

Let Q in (IX. 1) denote a Qi -invariant, splitting of Q. Let 

21 C B(7^)o n r^^'j , 0<a,/3, a + P<l, 
denote the zero-momentum algebra of observables, with fractional Qi-derivatives, as in §IX.2. Let 

{n,Q,Q^n,u{g),^^} (ix.25) 

denote a Qi-invariant, split, fractionally-differentiable structure, generalizing Definition VI. 1 to the 
Qi-invariant, split case. Here we also assume the hypothesis of 0-summability for exp(— 
/3 > 0. 

Define a cochain T{Qi} on 21 with components, 

taul^^*^{ao, ...,an)^ (ao, diUi, dia„; g)^ , (IX.26) 

where the (n + l)-linear expectation (,..., )^ in (IX.26) is defined in (IV. 16). The results of §IX.2 
allow us to establish the following Propositions. 

Proposition IX. 5. a. Let {H,Q,Qi,'y,U{g),Ql} be as in (IX.25), and let T{Qi} be as in (IX.26). 
Then r^^'^ G C(2l). There exists a constant m < oo such that 

|||^W.}||| < ^n+i Qy^^^^ Tr (e-«'/^) . (IX.27) 

b. Let a e Matn(2l®) satisfy = I. Then 

3{Q0(a; g) = (rW^i, a) = ^ T e-*'Tr ('yU{g)ae-^'+'"^''') dt (IX.28) 
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is the natural pairing of cochains in C(2l) with elements a G Mat„(2t ) satisfying = I . Here Tr 
denotes both the trace in Ti and the trace in Mat„(2l). 

c. The cochain r^*^*^ is a cocycle, 

(9r^^'> = . (IX.29) 

The proof of Proposition IX. 5 again follows the proofs in §VI. We can also generalize the results 
of §VII-VIII. In order to understand the parameter dependence of parameter A, 

we consider in particular the following common case, where the parameter A is called a coupling 
constant: 

Definition IX. 6. We say that the splitting Q{X) = '^{QiW depends parametrically on a 

coupling constant X, if Q{X) depends on X, but P = ^{Qi{Xy — Q2{X)^) is independent of X. 

As far as the analytic bounds are concerned, for a regular, linear deformation we retain the 
assumptions formulated in §VII.2.b. We also suppose that, as in §VII.2.c-d, the symmetry group 
U {g) and the algebra 21 are both independent of A. Alternatively, in the case of a regular deforma- 
tion, we retain Definition VII. 7 of §VII.3. We can then extend Theorem VII. 1 and its corollary to 
the case of Qi-invariant, split structures, following our preceeding work. We summarize this result: 

Theorem IX. 7. a. Let {7i,Q{X),Qi{X),'~f,U{g),'Qi} be a regular family (in the sense explained 
above) of Q-summable, split, Q-invariant, fractionally- difjerentiable structures, depending on a cou- 
pling constant X in the sense of Definition VII. 6. Then the family of cocycles [r^'^^^'^^^} C C(2t) is 
continuously differentiable in X as a function A C(2t). There is a continuous family of cochains 
h[X) in C(2t) such that for all A G A, 

dX 

Furthermore the pairing of t^'^^^'^^^ with a G Mat„,{2l®} satisfying = I and given by (IX. 27), 
namely 

3{g.}(a,(7) = (r^«'(^»,a) , (IX.30) 

is independent of X G A. 

b. Suppose that instead of the X-dependence in Qi{X) arises from a coupling constant, we substi- 
tute the condition that Qi{X) commutes with a, and that Q2{X) is independent of X. Then Z{a,g) 
is X-independent for A G A. 

IX. 4 An Example of a Split Structure 



We mention here an example which we analyze elsewhere by these methods |T^. The splitting 
arises from space-time supersymmetry, as suggested in footnote 6 or whatever. In our example 
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we assume the existence of = 2 supersymmetry. This means that there exist four, pairwise, 
mutually-independent self-adjoint operators Qi,Q2, Qi, and Q2 such that for a given H and P, 



Ql = Ql = H + P, Ql = Ql = H-P 



[IX.31) 



We take for the group symmetry (J5 the group U{1) x f/(l) constructed in the following manner: 
one factor U{1) has the form e*^"^, where the generator J commutes with 7, with H, and with P. 
Furthermore J commutes with Qi and Qi. On the other hand, 



Q2ie) 



Q2 cos 6* + (52 sin 6* . 



(IX.32) 



Thus 



Q^{ef = H-P = Ql 



(IX.33) 



and J commutes with Q2{0) . The other U{1) has the form e , this is clearly a symmetry of both 
Qi and Q2, as well as with 7. We take 

f/(r, 6) = e"^^'^^ . 

In this example, we study the equivariant index 3^*^'^(-^; f?), namely 

3(r-z,^) = Tr (7t/(r, 0)e^«' 



(IX.34) 

where g = {t,6). This index was considered in the physics literature p2| , pO[] . We can justify its 
evaluation in a certain class of non-linear quantum field theories (Wess-Zumino field theory examples 
arising form polynomial, quasi-homogeneous superpotentials, which also satisfy an elliptic estimate) 
as a product of modular forms |T^, |TB|. The modular symmetry in {t,6) is a hidden symmetry of 
the original example. 
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